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Micro resonators are important components in many micro electro mechanical system 
(MEMS) applications. The quality factor is a key parameter for MEMS resonators and is 
determined by the system damping of the devices. Aluminum nitride (AlN) based 
piezoelectric Si micro resonators with different geometries are fabricated and measured with 
an all-electrical excitation and detection method, to study the energy dissipation mechanisms. 
The dynamic behavior of these resonators is analyzed in gases as well as in high vacuum by 
developing and applying specific experimental, computational and analytical tools. 
We investigate the hydrodynamic loading in detail by exploring how factors, such as ambient 
pressure, the nature of the surrounding gas, the resonator geometry, higher mode operation 
and the presence of a nearby surface, effect the resonance behaviour of micro resonators. The 
resonator fluid interaction can be broadly divided into: i) resonators vibrating in an 
unbounded fluid, and ii) resonators vibrating close to a surface. For the first case, we 
systematically investigate the performance in different resonant modes. Incompressible flow 
is expected for the first few resonant modes. However, as the resonant mode number increases, 
the acoustic wavelength reduces and the energy loss is found to be diluted through mixing of 
viscous and acoustic effects. For the second case, most prior efforts to investigate this 
hydrodynamic loading have focused on squeeze film damping with very narrow gaps. In this 
research we investigate the case that a resonator vibrates close to a surface with a moderate 
distance. 
When a resonator is operated in high vacuum, intrinsic damping inside the solid materials 
dominates the quality factor. We focus on the three major intrinsic damping effects, which are 
thermoelastic damping (TED), anchor losses and coating losses. TED and anchor losses are 
investigated by using a combination of both analytical and numerical methods, while the 
coating loss mechanism is explored by measuring a series of cantilevers with a piezo-
electrode stack coverage varying from 20%-100% of the beam length. Experimental 
validations are conducted on different structures of piezoelectric micro resonators, showing 
that the analysis yields qualitative matches with measurements and the contributions of the 






Mikroresonatoren sind wichtige Komponenten in vielen Anwendungen der 
Mikrosystemtechnik. Der Gütefaktor ist ein Schlüsselparameter für MEMS-Resonatoren und 
wird durch die Systemdämpfung der Bauelemente bestimmt. Um die Mechanismen des 
Energieverlusts zu untersuchen, wurden piezoelektrische Si-Mikroresonatoren auf Basis von 
Aluminiumnitrid (AlN) mit unterschiedlichen Designs hergestellt und mit einem elektrischen 
Anregungs- und Detektionsverfahren charakterisiert. Experimentelle, theoretische und 
analytische Werkzeuge wurden entwickelt, um die Dynamik von piezoelektrischen 
Mikroresonatoren in Gasen sowie im Hochvakuum zu analysieren. 
Die hydrodynamischen Energieverluste wurden in Abhängigkeit von verschiedenen Faktoren, 
wie dem Umgebungsdruck, der Gasart, der Resonatorgeometrie, der Mode und dem 
Vorhandensein von nahegelegenen Oberflächen untersucht. Die Wechselwirkung zwischen 
Resonator und Fluid kann in zwei verschiedene Gruppen aufgeteilt werden. Zum einen das 
Schwingen von Resonatoren in einem unbegrenzten Fluid, zum anderem das Schwingen der 
Resonatoren in der Nähe einer benachbarten Oberfläche. Für den ersten Fall wurde das 
Verhalten in verschiedenen Resonanzmoden untersucht, wobei eine inkompressible Strömung 
für die niedrigeren Moden erwartet wird. Für höhere Moden reduziert sich jedoch die 
Schallwellenlänge und der Energieverlust kann durch ein Mischen von viskosen und 
akustischen Effekten beschrieben werden. Bezogen auf den zweiten Fall haben sich fast alle 
bisherigen Arbeiten auf die Squeeze-Film-Dämpfung in einem sehr engen Spalt fokussiert. 
Unsere Untersuchung konzentriert sich auf die Dämpfungseigenschaften von Resonatoren in 
der Nähe einer Oberfläche mit einem moderaten Spaltabstand. 
Wenn ein Resonator im Hochvakuum schwingt, dominiert die intrinsische Dämpfung im 
Festkörpermaterial den Gütefaktor. Die vorliegende Arbeit konzentriert sich auf die drei 
Hauptbeiträge zur intrinsischen Dämpfung, nämlich auf die thermoelastische Dämpfung 
(TED), den Ankerverlust und den Beschichtungsverlust. TED und Ankerverluste wurden 
durch die Verwendung einer Kombination von analytischen und numerischen Methoden 
untersucht. Der Verlustmechanismus durch Beschichtung mit dem AlN-Piezo-Stack wurde 
durch durch eine experimentelle Reihe von Resonatoren mit zwanzig- bis hundertprozentiger 
Schichtabdeckung bezogen auf die Resonatorlänge charakterisiert. Experimentelle 
Validierungen zeigen eine qualitative Übereinstimmung mit den simulierten bzw. 
analytischen Ergebnissen. Ferner können die Dämpfungsbeiträge der drei Mechanismen in 
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 1. Introduction 
1.1 Piezoelectric micro resonators 
Micromechanical resonators have been developed as sensor platforms for detecting small 
mass and force due to their tiny structures [1], and widely used in a large variety of 
applications. This includes acoustic wave resonators [2], ultrasonic transducers [3], 
gyroscopes [4], accelerometers [5], filters [6], energy harvesters [7], micro balances [8], and 
fluid sensors [9-11]. Among a large variety of resonator structures, piezoelectric micro 
resonators have been attracting intensive attention due to their advantages in low-cost 
fabrication and high sensitivity [12]. For many applications, piezoelectric resonators are more 
attractive than other types, such as electrostatic [13], electromagnetic [14] or optically-
associated [15] resonators, due to their self-exciting and self-sensing capability, low driving 
voltage and full integration. To be compatible with complementary metal-oxide-
semiconductor (CMOS) technology, aluminum nitride (AlN) was selected as the active 
piezoelectric layer in this research. Furthermore, both high piezoelectric coefficients and low 
intrinsic stress of the AlN film can be obtained by controlling the deposition parameters [16]. 
The piezoelectric resonator normally works in two port mode, which means one area of the 
active piezoelectric layer provides an input bending stress for the resonator, and another area 
of the layer can be used to detect the resulting vibration. However, the electrical crosstalk 
between drive and sense ports of the resonator makes the mechanical resonance less 
pronounced, and the characterization of the resonator more difficult [17, 18]. Besides, a 
relatively weak output signal from the AlN film requires a high precision pre-amplifier for the 
detection of the resonance. In this work, an electrical compensation and readout method has 
been developed [19]. By using this method, the measurements can be completed by all-
electrical excitation and detection. 
MEMS resonators are normally operated in fluids (such as air or liquid) under varying 
pressure ranges from vacuum to atmospheric. In most applications, the resonance behavior 
may change due to external environmental influences to the device and needs to be 
determined. The variation in resonance response of oscillators can be characterized in terms 
of resonance frequency fr and quality factor Q. The Q factor is defined as the ratio of stored 
energy to the dissipated energy per cycle. This is equivalent to fr/△f, where △f is the peak 
width at half power. In general, a high Q factor results in a sharper resonance peak and leads 
to a better detectable resolution (refer to Fig. 1.1 to see two resonance curves with different 
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resonance frequencies and Q factors). In this work, we will present the results of experimental, 
simulated and analytic investigations on hydrodynamic loading and intrinsic damping effects 
which damp vibrations of micro resonators. 
 
Figure 1.1: Resonance curves for a resonator at pressures of 0.01 mbar (narrow resonance) and 1000 mbar (broad 
resonance). 
1.2 Basic concepts 
1.2.1 Excitation and detection principles 
The mechanical resonator structure has to be brought into vibration and the vibration has to be 
detected. There are several types of excitation techniques, each having a corresponding 
detection method based on the same principle or arrangement for the interrogation of the 
vibration [20]. Electrostatic excitation and capacitive detection, piezoelectric excitation and 
detection, magnetic excitation, electrothermal excitation, photothermal excitation, 
piezoresistive detection, and optical detection are widely used in MEMS resonator 
applications [21, 22]. For example, the electrothermal excitation and piezoresistive detection 
were chosen as driving and detector mechanisms in Ref. [23] by integrating two diffused p-
type silicon resistors at the clamped edge of the microcantilever. 
The most popular and most widely used methods are based on electrostatic excitation and 
capacitive detection as well as on piezoelectric excitation and detection. The first method 
requires two electrodes arranged in close proximity, where one of the electrodes is a part of 
the vibrating structure. Capacitive resonators with very high Q have been demonstrated e.g. 
by [24, 25] and are produced commercially. In order to achieve a good electromechanical 
coupling and acceptable impedance levels, large bias voltages and submicron gaps are 
required. To overcome these challenges, piezoelectrically transduced MEMS resonators have 
emerged as a valid alternative [26-28]. A major advantage is that no counter electrode is 
necessary so that the gap size can be designed to any desired value. The main drawback of 
fr = 6.70 kHz 
Q = 6458.7 
p = 0.01 mbar
fr = 6.64 kHz 
Q = 375.3 
p = 1000 mbar 
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piezoelectric transduction is the necessity of the additional piezoelectric material and the 
integration of the piezoelectric material with the silicon based resonator. Besides, it has been 
observed experimentally that the presence of the piezoelectric layer may degrade the quality 
factor considerably. 
1.2.2 Oscillation modes 
Most MEMS-based resonators are fabricated from silicon wafers or silicon-on-insulator (SOI) 
wafers by micromachining techniques. The basic elements of MEMS-based resonators are 
microstructures such as cantilevers, bridges, membranes and plates, which are fully or 
partially anchored, usually onto a silicon substrate. MEMS resonators are used in different 
fields of application, depending on their different resonant modes: bulk mode, shear mode, 
flexural mode and torsional mode etc. [29-33]. Beam-type resonators such as AFM probes [34] 
and fluidic sensors [35] are widely applied due to their relatively large deformation and 
simple fabrication compared to other resonators. Each resonator structure has its own 
displacement pattern, resonance frequency and Q factor. The cantilever, for example, may 
vibrate in a flexural, torsional or lateral mode, as illustrated in Fig. 1.2. Each mode type may 
have several higher-order resonance frequencies, as shown in Fig. 1.3 for a cantilever 
structure vibrates in flexural modes. The figures are plotted by finite element analysis 
software COMSOL. 
  
(a) (b) (c) 
Figure 1.2: Cantilever beam in fundamental (a) flexural, (b) torsional and (c) lateral vibration modes. The color 





Figure 1.3: First four flexural mode shapes of a cantilever. 
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1.2.3 Fundamental equations of a damped vibrating resonator 
For a linear harmonic vibration, which means the vibration amplitude is much smaller 
compared to the resonator dimensions, the mechanical performance of the resonator can be 
described by a second order differential equation: 
 0 0mx c x k x f+ + =&& & , (1.1) 
where m, c0 and k0 are the mass, damping coefficient and spring constant of the resonator, 
respectively, f is the external force acting on the resonator, and x is the position (deflection) of 
the mass. When operated in a fluid, the resonator will experience a drag force from the fluid, 
the external force f can be separated into two contributions: 
 hydro drivef f f= + , (1.2) 
the first component in eq. (1.2) is a hydrodynamic loading component due to the motion of 
the fluid around the beam, whereas the second term is a driving force that excites the beam. 
The driving force is usually a known function. The hydrodynamic loading can be obtained by 
deriving from measurement or solving for the flow field around the resonator. 
In many previous studies, e.g. [36], fhydro has been characterized by damping force and spring 
force terms: 
 hydro a af c x k x= +& , (1.3) 
where ( )Reala hydroc f x= &  is the fluidic damping coefficient and ( )Imaga hydrok f xω= − &  is 
the fluidic spring constant. 
Substituting eqs. (1.2 and 1.3) into eq. (1.1), we obtain an uncoupled equation for the 
structure: 
 drivemx cx kx f+ + =&& & , (1.4) 
 0 ac c c= + , (1.5) 
 0 ak k k= + , (1.6) 
where c and k include the contributions from the resonator and the surrounding fluid. 






ω ωπ ω= = Δ =Δ , (1.7) 
ωΔ  is the resonance bandwidth at which the response amplitude equals 71% of the peak 
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value. 
Eq. (1.4) gives a relatively simple form for understanding the fluid effects in terms of fluidic 
damping coefficients and spring constant. Nevertheless, note that the above analysis does not 
tell us how the damping coefficient and spring constant will vary with resonator dimensions, 
fluid viscosity or density, or the distance to a nearby wall. These are simply the tools that help 
us characterize the resonance. 
1.2.4 Fluid dynamics and characteristic numbers 
The fluid dynamics of MEMS resonators can be formulated by simply treating the resonator 
as a solid body oscillating in a fluid. Through the solid-fluid boundary, an oscillating flow is 
set up in the fluid, which dissipates energy and results in mass loading of the resonator. A 
natural starting point for our discussion is the static flow. For a solid object moving through a 
fluid at a constant speed, the fluid drag force, caused by the fluid pressure and stress, acts to 
oppose the motion of the object. The Reynolds number is the fundamental parameter 
characterizing the flow dynamics, which is given by 
 0Re u Lρ η= , (1.8) 
where ρ and η are the fluid density and the viscosity respectively, and u0 is the characteristic 
object velocity and L is the characteristic length parameter of the object. 
We now turn to the problem of a solid object oscillating at angular frequency ω in an 
unbounded (infinite) fluid. Let us consider a simple but typical example: a sphere with radius 
R, which is illustrated in Fig. 1.4. Surrounding the sphere there is a boundary layer where the 
flow velocity has dropped by a factor of 1/e [37]. Inside the boundary layer the flow is nearly 
tangential to the body surface, while outside the layer the flow can be assumed as inviscid. 
For this reason, the boundary layer is also called as viscous layer [38]. The layer thickness δ is 
dependent on the pressure (equivalent to the fluid density ρ) and is given by 
 2δ η ρω= . (1.9) 
The dimensionless Reynolds number Re in this problem is frequency dependent and some 
authors prefer to define it as 
 2Re Lρω η= . (1.10) 
Here the characteristic length L is the radius of the sphere R. Notice that Re is also a simple 
ratio between L and δ since it also equals to 2 22L δ . 
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Figure 1.4: Illustration of a sphere oscillating in a Newtonian fluid at angular frequency ω. Inside the boundary 
layer, the flow is nearly tangential to the solid body surface. 
1.3 Relevant background and literature review 
Energy can be dissipated in different ways for a resonator, as schematically shown in Fig. 1.5. 
In general, when the resonator is operated in high vacuum, only intrinsic energy losses Qint-1 
are relevant. They contain thermoelastic damping QTED-1 in the structure, radiation of elastic 
energy into the attachment (anchor losses) Qanchor-1and energy losses due to coating films 
Qcoating-1. When the resonator vibrates in a gaseous medium, external losses Qgas-1 dominate 
the scene. They consist of viscous losses Qvis-1, acoustic losses Qacous-1 and squeeze film losses 
Qsqu-1 if there is a nearby surface to the resonator, defining a gap. The energy dissipated per 
cycle is the sum of the energy dissipated by each of these mechanisms: 
 
1 1
1 1 1 1 1 1 1 1
gas int
tot vis acous squ anchor TED coating other
Q Q
Q Q Q Q Q Q Q Q
− −




Figure 1.5: Energy dissipation mechanisms of micro resonators. 
It is obvious that Qtot cannot exceed the smallest component. All other possible sources (like 
residual stress loss in silicon and electrical loss in AlN material) of damping are neglected in 
the analysis and kept minimal in the experiments. The following discussion will review recent 
researches on each individual contribution. 
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1.3.1 Full Navier-Stokes equations 
Micromechanical resonators can be profoundly influenced by the fluid surrounding them. For 
a continuous fluid medium, the most extensive type of model clearly must be based on a 
solution of the full set of Navier-Stokes equations. The derivation of the full set of equations 
was first given by Bruneau et al. [39]. The governing equations are rewritten into a set of 
linearized equations suited for implementation in Boundary Element Method (BEM) 
environment. Beltman [40, 41], Karra et al. [42] and Qiu et al. [43] developed their own 
numerical codes to solve the equations based on the BEM method. On the other hand, fully 
coupled three-dimensional simulations from Lee et al. [44] and Basak et al. [45] were 
performed leading to highly accurate results. Furthermore, commercial package COMSOL 
Multiphysics also offers the possibility to solve and simulate the full model equations [46]. 
However, due to the mathematical complexity, the full Navier-Stokes model is 
computationally costly and nonintuitive for gaining physical insight. Several authors have 
attempted to simplify the fluid-structure interaction problem based on certain assumptions, 
and predicted analytically the quality factors and frequency shifts of microcantilevers in 
viscous fluids. The cases on micro resonator vibrating in fluid can be broadly divided into 
i) those that deal with a micro resonator vibrating in an unbounded fluid, ii) those that deal 
with a micro resonator vibrating close to a surface, defining a gap. 
1.3.2 Hydrodynamics of micro resonators vibrating in unbounded fluids 
For the first case, lots of previous researches have been focused on the viscous loss effect on 
micro resonators vibrating in the first few harmonic modes. The gas flow is expected as 
incompressible, since the dominant length scale of the beam is much smaller than the 
wavelength of sound in the gas, and viscous drag is typically the dominant gas damping 
mechanism. Viscous damping models require solutions of the Navier-Stokes equations for 
unsteady incompressible flow, for some simple geometry taken as an approximation of the 
actual geometry. In Refs. [47-50] a microcantilever was modeled as a combination of spheres, 
based on the fluidic drag force calculation on an oscillatory motion sphere from Landau and 
Lifshitz [51]. On the other hand, in Refs. [52, 53] a semianalytical theory was developed to 
predict the quality factor of microcantilevers vibrating in an unbounded viscous fluid based 
on the earlier work of Tuck [54], by simplifying the cantilever as a cylinder. It is worth to note 
that the analytical model predictions are considered sufficiently accurate from beam aspect 
ratios length/width higher than 3.5 [55]. 
Besides, Blom et al. [56] as well as Naeli and Brand [57] investigated the dependence of the 
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Q factor on the cantilever geometry, while Xia and Li [58], Lu et al. [59] and Dohn et al. [60] 
discussed different resonant-mode effects on the cantilever performance. Blom et al. [56] 
pointed out that the Q factor of a resonator in a higher order flexural mode is larger than that 
of a lower one. However, will the quality factor always increase as the mode number 
increases? Recent papers from Van Eysden and Sader [61, 62] detailed a model for a 
cantilever beam oscillating in a compressible fluid. They found that an increase of the quality 
factor is not always valid. This is further confirmed by Weiss et al. [63] who compared the 
compressible fluid and incompressible fluid simulation results using a numerical method. 
Jensen and Hegner [64] carried out measurements and found qualitative agreement between 
experimental results and calculations based on the compressible fluid model of Van Eysden 
and Sader. 
1.3.3 Hydrodynamics of micro resonators vibrating close to a surface 
In a lot of practical applications, resonators are vibrating near a surface. Nearly five decades 
ago, Newell [65] observed that the ever-present damping effect of the surrounding air would 
be increased when a plate was oscillating near a second surface due to the squeeze film action 
of air between the surfaces. The traditional squeeze film model, which is derived using 
Reynolds equation from hydrodynamic lubrication theory, is sufficient to deal with resonators 
vibrating very close to a surface or the plate dimensions are much larger than the film 
thickness. Much theoretical work and many measurements have been carried out to explore 
the squeeze film effect with a very narrow air gap [66-73]. In these literatures only the fluid 
layer between the microcantilever and the surface is considered, the fluid on the opposite side 
of the gap is not modeled. Moreover, an effective fluid viscosity is used in rarefied fluids to 
account for the non-continuum fluid behavior at very low pressures. 
However, the squeeze film assumption does not always hold. At moderate distances, the 
motion of the fluid all around the microcantilever affects its motion and the squeeze film 
effect alone does not capture the fluid loading. To determine the hydrodynamic loading effect 
analytically, it would be necessary to solve a set of coupled nonlinear equations governing the 
structure and fluid motions. Therefore experimental and computational studies are needed to 
associate the analytical solution. The literatures dealing with this problem can be mainly 
divided into (a) those dealing with experimental determination of hydrodynamic quantities, 
and (b) those dealing with analytical/semi-analytical models. As to the first approach, in [74-
76] the effect of a nearby surface to a microcantilever vibration in air and in different liquids 
is investigated experimentally. The Q factors are tabulated and fitted to a polynomial as a 
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function of gap length. While for the second approach, Veijola et al. [77, 78] have proposed a 
model for micromechanical squeeze film dampers with gap sizes comparable to the surface 
dimensions by considering the effect of open boundaries. The fluid loading on the opposite 
side of the gap is still not included in this model. Other authors [79-81] proposed a semi-
analytical solution from the numerical solution of the unsteady Stokes equations for 
microbeams oscillating near rigid walls. Besides, Schwarz and Seidel [82] have proposed a 
new thermo-mechanical resonance model to account for the gas damping effect (called 
“dynamic” damping in their work) in the transition regime. The resonance behavior over a 
wide pressure range is then modeled quantitatively by the superposition of different damping 
mechanisms, e.g. intrinsic damping, free molecular damping, viscous damping and dynamic 
damping. 
1.3.4 Thermoelastic damping 
When a resonator is operated in high vacuum, the energy dissipation inside the materials of 
the resonator dominates the damping behavior. One of the energy dissipation mechanisms 
discussed here is thermoelastic damping (TED). When the resonator structure is deformed, a 
strain gradient is produced, and this leads to a temperature gradient. This induced temperature 
gradient yields heat flow, and energy is therefore dissipated due to an increase in entropy. If 
the vibration frequency is of the order of the heat relaxation rate, the energy loss due to TED 
becomes appreciable, resulting in a low quality factor. 
TED theory has been systematically developed since the 1930s. To our knowledge, Zener is 
the first one who studied and modelled TED in flexural vibrating cantilevers in 1937 [83, 84]. 
Recently, extensive research on TED has been performed by many research groups in order to 
extend Zener’s model to more complex geometries [85-89]. The analytical models are subject 
to very restrictive assumptions. Thus they are not sufficiently accurate to predict the 
behaviour of complex 3D structures. There is a great need to use numerical simulations for 
TED analysis; Antkowiak [90], Gorman [91] and Duwel [92] pioneered the TED numerical 
analysis in MEMS. Their methods are also implemented in the COMSOL Multiphysics 
software [46]. 
1.3.5 Anchor loss 
Anchor loss (also called support loss or clamping loss) concerns the mechanical energy that is 
dissipated via the coupling to the support structure. During its vibrating motion, a resonator 
exerts the supporting structure to small deformations, thereby leading to the generation and 
propagation of elastic waves from the resonator to the surrounding material. Therefore, the 
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support structure absorbs some of the vibration energy of the resonator. 
To analytically predict anchor losses, simplifications of the support geometry are often made. 
For example, the anchor loss of a cantilever beam of infinite width attached to a semi-infinite 
medium is studied in Refs. [93-96], while Refs. [97, 98] investigated the anchor loss by 
assuming the support structure as semi-infinite elastic media with finite or infinite thickness. 
The calculations were derived either in the 2D [93-96] or 3D [97, 98] methods. However, all 
these approaches contain simplifying assumptions which are generally difficult to quantify, 
and the calculated results also differ substantially from each other. Hence, for more realistic 
geometries of micromachined cantilevers, numerical techniques are required for the prediction 
of anchor losses. 
From the numerical standpoint different options are available for the simulation of wave 
dissipation, among which the Perfectly Matched Layer (PML) techniques are the most 
commonly employed [99, 100]. The approach taken in commercial package CoventorWare’s 
MemMech solver is similar to PML techniques [101]. The solver includes a “QuietBoundary” 
boundary condition, which assumes the boundary extending to infinity. This can be applied to 
predict elastic energy that is transmitted via the anchor to the substrate. 
1.3.6 Damping by thin film coating 
For many applications, the resonators are coated with thin films to supply driving and/or 
sensing electrical functions (as in this work), or else to supply optical reflectivity [102] or to 
alter surface chemistry [12]. Experience with several devices suggests that these coatings can 
increase damping; in some cases, relatively thin metallic films have been found to degrade the 
quality factor of ceramic beams by an order of magnitude. The reason might be internal 
friction between/in each layer. Great effort has been put into describing the effect of cantilever 
coating on their resonant behavior. For example, Sandberg et al. [103] and Sekaric et al. [104] 
investigated the effect of metal coating on the quality factor of a micro/nano resonator and 
showed that in vacuum Q is severely reduced by the deposition of even a thin metal film with 
a thickness of 100 nm, while the absence of these metal coatings results in a three to four 
times higher Q factor. Moreover, the thin coating film damping is found proportionally 
dependent on the coating thickness. 
1.4 Research goals 
The interest is growing to analyze the energy dissipation mechanisms and improve the design 
of high precision micro structures. The major goal of this research is, by using the 
Introduction 15
combination of experiments, numerical simulations and analytical calculations, to develop a 
closed loop platform for understanding and predicting the resonator behavior in gases over a 
wide pressure range as well as intrinsic damping in vacuum. Experiments provide measured 
data for modeling the resonator behavior. Numerical simulations are advantageous as they are 
less demanding in terms of both time and costs than experiments. While compact analytical 
calculations allow a better understanding of the interactions between different physical fields. 
The objectives of this research can be divided into four main tasks: 
? Fabricate piezoelectric micro resonators with different geometries, and develop all-
electrical excitation and detection method for the resonators. 
? Experimentally evaluate and compare the effect of ambient pressure, surrounding gases, 
resonator geometry, higher mode operation and the presence of a nearby surface on the 
resonance behavior of micro resonators. 
? Propose analytical models as well as Finite Element Method (FEM) simulations to 
explain the gas drag damping effect. The cases on micro resonator vibrating in fluid can 
be broadly divided into vibrating in unbounded fluid and vibrating close to a surface. 
Relatively compact analytical solutions need to be proposed and compare with 
measurements. 
? For MEMS resonators operated in vacuum, we will focus on the intrinsic energy 
dissipation mechanisms to understand the Q factor upper limit. Each dissipation 
mechanism needs to be investigated experimentally or numerically, theoretically we 
develop/improve an approximation for each loss mechanism. Useful relation is developed 
to aid MEMS designers in achieving Q factor prediction and control in the design phase. 
1.5 Outline of this work 
In order to present the work carried out, the dissertation is divided into the following Chapters: 
? Chapter 1 Introduction; briefly introduces the context of the research and describes the 
work objectives and strategy. A comprehensive literature review is also presented on 
different energy loss mechanisms that occur in MEMS resonators. 
? Chapter 2 Device fabrication and electrical readout; describes the piezoelectric AlN 
based resonator fabrication procedure and all-electrical excitation and detection methods. 
A specifically designed compensation-readout circuit is presented. 
? Chapter 3 Experimental details and results; presents detailed measurements of the 
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frequency response of a series of micro resonators. This part aims at evaluating and 
comparing systematically the effects of ambient pressure, the nature of the surrounding 
gas, resonator geometry, higher mode operation and the presence of a nearby surface on 
the resonance behavior. 
? Chapter 4 Analysis of hydrodynamic loading on vibrating micro resonators; focuses 
on beam-type resonators operating in gas mediums. Firstly, the full set of Navier-Stokes 
equations is semi-analytically solved and simulated using commercial package COMSOL 
Multiphysics. Secondly, hydrodynamic loading for slender structures vibrating in 
unbounded fluid is analyzed, as well as discussion on the influence of the fluid’s 
compressibility. Thirdly, hydrodynamic loading of slender structures vibrating at very 
near to moderate distances from a surface is studied. 
? Chapter 5 Analysis of intrinsic damping in vibrating piezoelectric micro resonators; 
focuses on three major intrinsic damping effects on piezoelectric micro resonators, which 
are thermoelastic damping, anchor losses and coating losses. Each damping mechanism is 
studied individually, by the combination of experimental, analytical and numerical 
methods. At the end, a series of experimental validations are conducted on different 
structures of piezoelectric cantilevers. 
? Chapter 6 Conclusion and outlook; finally summarizes and concludes this research work 
and presents an outlook for future projects. 
 
 
 2. Device fabrication and electrical readout 
In this Chapter we describe the experimental procedure, including the device fabrication and 
measurement. Piezoelectric aluminum nitride (AlN) based resonators were fabricated and 
tested. The effect of the input-output electrical crosstalk was found to be significant. The 
overall output of two-port piezoelectric resonators is a superposition of the mechanical 
resonance behavior and of the electrical crosstalk, the latter coming mainly from the coupling 
feedthrough capacitance. Two crosstalk compensation schemes have been developed for an 
AlN based doubly clamped beam resonator. The first solution demonstrates an on-chip self-
cancellation technique of the feedthrough capacitance by using a compensation electrode and 
applying a complementary voltage to it, while the second solution applies an adjustable 
compensation voltage to the common bottom electrode. A specifically designed 
compensation-readout circuit is presented. Experimental investigations of the output signal 
proved the efficiency of both crosstalk compensation solutions. 
2.1 Aluminum nitride based piezoelectric micro resonator 
fabrication 
AlN is a preferred functional layer for MEMS applications, such as microactuators or 
microsensors, due to its high CMOS compatibility and good piezoelectric coefficients [105]. 
Alternative piezoelectric thin film materials are zinc oxide (ZnO) and lead zirconate titanate 
compounds (PZT). PZT has much higher piezoelectric coefficients than AlN or ZnO. 
However, the preparation of suitable thin films of this three-component system is very 
complex and difficult [106]. AlN and ZnO thin films can be deposited at relatively low 
temperatures [107, 108], which is important to decrease the intrinsic stress in the films. A low 
intrinsic stress value is essential for the integration of films onto mechanically soft structures, 
like beams or membranes. Zn affects the lifetime of minority carriers in silicon and therefore 
is not compatible with standard CMOS processes. This problem does not occur with AlN, 
which can be deposited at room temperature and is fully compatible with standard CMOS 
processes. In this work, the AlN thin films were sputtered reactively from an aluminum (Al) 
target in a pure nitrogen atmosphere, using a DC magnetron sputtering machine from "Von 
Ardenne". The sputtering parameters were controlled precisely to achieve good c-axis 
orientation of the thin film [16] with an effective piezoelectric constant d33 = 3 pm/V and d31 
= -1.0 pm/V [105]. Fig. 2.1 shows a photograph of the sputtering machine and a schematic 
description of the AlN reactive sputtering process. 
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(a) (b) 
Figure 2.1: (a) Photograph of the sputtering machine (von Ardenne) and (b) a schematic description of the AlN 
reactive sputtering process. 
The AlN based resonators were fabricated using a low-resistivity (less than 0.1 Ω cm) p-type 
(100) single crystal silicon (SCS) wafer. The SCS forms the resonator and simultaneously 
serves as bottom electrode for the piezoelectric layer. Fig. 2.2 shows the flowchart of the 
fabrication process. First, the SCS wafer was oxidized on both sides in a dry atmosphere at 
1000°C to form 120 nm thick SiO2 layers for passivation purposes. Then a 500 nm thick 
PECVD SixNy layer was deposited on the bottom side of the wafer (Fig. 2.2 a). The top SiO2 
layer acted as an insulator between the top and bottom electrodes, while the bottom SiO2 and 
SixNy layers were used as a hard mask for anisotropically etching the SCS substrate to a 
residual thickness of about 20 µm at the areas where the suspended beam is located. In a next 
step a 1 µm thick AlN film and a 300 nm thick gold (Au) film were sputter deposited and 
etched to form a sandwiched piezo-electrode stack together with the SCS bottom electrode 
(Fig. 2.2 b). Then the AlN film was patterned in 80°C phosphoric acid (H3PO4) [109]. The Au 
layer was patterned in aqua regia, nitric acid (HNO3) and hydrochloric acid (HCl) in a mixing 
ratio of 1:3, to form the top electrode as well as to provide the contact pads to the SCS bottom 
electrode. Finally, the resonant beam was formed by back side wet etching in 38% potassium 
hydroxide (KOH) at 80°C and was then released by a dry etching process at cryogenic 
temperatures using a SF6-O2 gas composition (Fig. 2.2 c). 
In this work, the methods for feedthrough capacitance analysis and cancellation have been 
demonstrated using a doubly-clamped beam resonator as an example. The resonator consists 
of several active piezoelectric areas of the same size, in order to demonstrate different 
crosstalk compensation solutions. Fig. 2.3 shows the optical micrograph of the drive port of 
the fabricated resonator. The sense port is identical to the drive port. The active piezoelectric 
area was divided into three parts: the areas on the left and right hand sides were used as the 
drive electrodes to excite the resonator. The compensation electrode is located in the center. 
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Its use and the overall crosstalk compensation scheme are described in Section 2.3. The 
nominal dimensions of the bridge are 200 µm in width and 3400 µm in length. 
Glass SixNy SCS AlN AuSiO2  
Figure 2.2: Flow chart of the resonator fabrication process. 
 
Figure 2.3: Micrograph of the drive port of the piezoelectric resonator, including the compensation electrode 
discussed in Section 2.3. 
2.2 Electrical crosstalk in micro piezoelectric resonators 
As the first testing stage, the fabricated resonator was tested by supplying a sinusoidal voltage 
on the drive electrode, and detecting the output change of the sense electrode. The resonator 
output was found to be a superposition of the mechanical resonance behavior and electrical 
crosstalk effects, the latter coming mainly from the coupling feedthrough capacitance. The 
crosstalk affects the electrical behavior significantly, even to the point of swamping the 
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resonance behavior of the resonator. This Section reports on the electrical performance 
analysis and modeling of AlN piezoelectric resonators. 
2.2.1 Electrical crosstalk introduction 
The overall output function Uo(s) of a two-port piezoelectric resonator can be written as the 
sum of two contributions: UM(s), representing the mechanical resonance behavior, and UE(s), 
representing electrical crosstalk. This is shown schematically in Fig. 2.4. The crosstalk UE(s) 
is assumed to be constant in a narrow frequency range around the resonance, while UM(s) gets 
a maximal amplitude |UM(iωr)| at the resonance frequency ω = ωr. A figure of merit (which 
has to be minimized for best compensation) may be defined by using the ratio of the crosstalk 







λ ω= . (2.1) 
 
Figure 2.4: The overall transfer function diagram of a two-port piezoelectric resonator. 
 
Figure 2.5: Illustration of the effect of increasing the figure of merit λ on the electrical output of a two port 
piezoelectric resonator, the lightest color lines show the output without any crosstalk (λ = 0). 
Fig. 2.5 illustrates the effect of increasing the figure of merit λ on the electrical output of a 
two port piezoelectric resonator. The figure shows that crosstalk may introduce “anti-
resonance” peaks and a shift of frequency at the maximum output, which makes the electrical 
detection of resonance frequency and quality factor more difficult. In the worst situation, i.e. 
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low quality factor due to high air damping, the crosstalk will completely obscure the 
mechanical resonance, making detection of the resonance peak impossible. 
2.2.2 Equivalent circuit model 
The electrical capacitances in the resonator are shown in Fig. 2.6. Cd1 and Cs1 are represented 
as the capacitances between the top electrode, AlN layer and SCS bottom electrode layer on 
the suspended bridge; Cd2 and Cs2 differ from Cd1 and Cs1 as there is an isolating SiO2 layer 
under the AlN layer. As drive port and sense port have a common ground connected through 
the SCS substrate, an input AC voltage at the drive electrode will produce an output at the 
sense electrode. The feedthrough capacitance Cft is used to account for the mutual coupling 
capacitances between drive and sense electrodes. 
The resonator’s electrical behavior for a narrow frequency range around resonance can be 
modeled by an equivalent circuit shown in Fig. 2.7. The transformer couples energy from the 
electrical domain to the mechanical domain and vice versa. The motional branch (Lm, Cm and 
Rm) describes the mechanical-modal behavior of the structure (i.e. resonant frequency and 
quality factor). The outer capacitor branch (Cd, Cft and Cs) describes the electrical behavior 
without mechanical vibration. These capacitances were measured using an LCR meter and are 
listed in Tab. 2.1. Cd and Cs here include the capacitances Cd1,2 and Cs1,2 respectively. The 
other parameters of the equivalent circuit model can be determined according to [17]. 
 
Figure 2.6: Simplified capacitance model of the piezoelectric resonator. 
 
Figure 2.7: Equivalent circuit model for the two port piezoelectric resonator. 
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 Symbol Calculated Value 
Drive port shunt capacitance Cd 255 pF 
Sense port shunt capacitance Cs 232 pF 
Feedthrough capacitance Cft 26.3 fF 
Table 2.1: Capacitances of the fabricated resonator. 
 
Figure 2.8: Measured and analytically derived response of the AlN based piezoelectric resonator at normal 
atmosphere. 
Fig. 2.8 compares the response of this bridge resonator to a 2 Vpp drive voltage at normal 
atmosphere with analytical calculations using the equivalent circuit model. It indicates that 
the resonant peak has been heavily buried in the crosstalk. The “anti-resonance” peaks 
magnitude difference is about 0.035 mV, much smaller than the crosstalk 0.205 mV, and a 
maximum phase shift of 10° was observed around resonance. The quality factor for this 
resonator was found to be 1490, which is not a low value, but the crosstalk still obscures the 
resonator’s electromechanical signal. 
2.2.3 Performance analysis 
The output voltage Uo can be written as the sum of the mechanical resonance behavior UM 
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The electrical behavior of the two port resonator can be illustrated by a polar diagram in the 
complex plane, as shown in Fig. 2.9. The mechanical resonance UM is represented by an 
approximate circle; the electrical crosstalk UE introduces an offset of the resonance circle 
toward the first quadrant. For this reason the magnitude of the resonator reaches a minimum 
first and then a maximum with increasing frequency. Furthermore, the expected phase shift of 
180° in the frequency interval around resonance is smaller. 
 
Figure 2.9: Measured and analytically calculated polar diagram of the resonator's response, the left circle shows 
the ideal resonance polar diagram without any crosstalk. 
2.3 Crosstalk compensation solutions 
The crosstalk makes the mechanical resonance less pronounced and the characterization of the 
resonator more difficult, thus calling for its compensation. Based on the above analysis, one 
can derive the physical sources of crosstalk: a) the electrical crosstalk comes mainly from the 
feedthrough capacitance Cft, and b) Cft is caused by the short circuit connection between drive 
and sense port grounds. Two approaches can be used to reduce/compensate the electrical 
crosstalk. 
Firstly, the resonator structure and/or the geometry can be optimized to reduce the 
feedthrough capacitance by the following means: The shape of the piezoelectric layer can be 
optimized as to minimize crosstalk effects [110]; the bottom SCS electrode could be separated 
electrically by means of two anti serial p-n junctions [111]; two separated metal ground 
electrodes could be used [112]. Secondly, compensation techniques can be chosen. The basic 
idea is that the resonant signal can be picked up by the resonator output minus a dummy 
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signal which is equal to the electrical crosstalk. In this Section these two compensation 
methods will be described further, where the first method produces the dummy crosstalk 
signal on the same chip as the resonator under test, while the second one is realized by 
applying an external compensation voltage on the SCS bottom electrode. 
2.3.1 On-chip compensation 
In order to reduce the effect of the feedthrough capacitance Cft, a capacitive compensation 
method could be employed, as shown in Fig. 2.10. The input drive voltage Ui is applied 
directly to the drive electrodes of the resonator, whereas a complementary voltage which is 
generated out of the drive is fed into the compensation capacitor Ccomp, producing an output 
current icomp. The resulting output currents from the resonator output and Ccomp finally all add 
up at the sense node: 
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The output voltage on the sense port shunt capacitor Cs is thus now given by: 
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Eq. (2.5) suggests that if Ccomp closely matches the value of the feedthrough capacitance Cft, 
the crosstalk can be reduced to: 
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. (2.6) 
The compensation capacitor Ccomp can be realized on the same chip, as depicted in Fig. 2.11. 
The resonator in this design consists of several functional piezoelectric electrodes: drive 
electrodes, sense electrodes, and two compensation electrodes in the drive port and sense port 
separately. Here only the compensation electrode in the drive port is used. In order to insure 
Cd1 ൎ Cc1 and Cd2 ൎ Cc2, the area of the compensation electrode was designed to be equal to 
the area of the two drive electrodes. For this matching, the region on top of the suspended 
bridge has to be treated separately from the outside region, because the latter one has an 
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isolating SiO2 layer in the piezo-electrode stack, whereas the former has none (refer also to 
Figs. 2.3 and 2.6). Since both the compensation electrode and drive electrodes are nominally 
identical in surface area, the feedthrough capacitance between the drive-sense and 
compensation-sense terminals can be expected to be closely matched (Cft ൎ Ccomp). 
 
Figure 2.10: Schematic diagram of the feedthrough capacitance cancellation technique, using a compensation 
capacitor. 
 
Figure 2.11: Simplified capacitance model for the piezoelectric resonator with an on-chip compensation 
electrode. There are two compensation electrodes in the drive port and sense port separately, only the one in the 
drive port is used. 
The electric wiring diagram for on-chip capacitive compensation is shown in Fig. 2.12. Two 
complimentary drive voltages are applied to the drive and compensation electrodes, 
respectively. 
 
Figure 2.12: Electric wiring diagram for cancelling the feedthrough capacitance, using the on-chip compensation 
electrode in the drive port. 
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2.3.2 Electrical compensation 
From eq. (2.3) one can find that the crosstalk has no phase shift with respect to the input 
voltage, the resonance signal can be picked up by the resonator output minus one portion of 
the input voltage, which is equal to the crosstalk. An electrical solution was developed to 
actively compensate the crosstalk; the corresponding schematic is shown in Fig. 2.13. 
Fig. 2.14 shows the electrical wiring for the electrical compensation solution. A drive voltage 
Ui is applied to the drive electrodes as normal, but the bottom electrode is connected with a 
voltage –kUi from an inverted voltage amplifier, where k is the adjustable gain of the amplifier. 
 
Figure 2.13: Schematic diagram of the feedthrough capacitance cancellation technique by applying an inverted 
voltage –kUi to the bottom electrode. 
 
Figure 2.14: Electric wiring diagram for cancelling the feedthrough capacitance by applying an inverted voltage 
with adjustable gain k to the SCS bottom electrode. 
After applying Ui and –kUi to the resonator’s drive electrode and bottom electrode, the current 
on the sense port shunt capacitor Cs is: 
 ' 's r fti i i= + , (2.7) 
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The differential voltage on the shunt capacitor Cs is: 
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Since there is an inverted voltage ikU−  at one end of the shunt capacitor Cs, the output 
voltage Uo at the other end of Cs can be obtained as: 
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By adjusting the gain k of the inverted voltage amplifier until ft sk C C= , 
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the influence of the feedthrough capacitance can be suppressed completely. 
2.4 Electrical readout results 
After the compensation of electrical crosstalk, a charge amplifier is used to amplify the 
resonator output signal. Fig. 2.15 shows the whole compensation-readout circuit, including 
the compensation parts described in Section 2.3, the charge amplifier, an additional variable 
gain voltage amplifier (in order to adjust the circuit output gain), a low pass filter and the chip 
socket. 
 
Figure 2.15: Photograph of the compensation-readout circuit. 
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The results of the two compensation methods are presented in Fig. 2.16. The original 
uncompensated signal output is shown for comparison. Both compensation methods 
experimentally proved their efficiency for crosstalk reduction, since no significant anti-
resonance could be observed. 
 
Figure 2.16: Results of on-chip compensation and electrical compensation of the piezoelectric resonator. The 
original uncompensated signal is shown for comparison. 
For the on-chip compensation scheme there is an asymmetry in the magnitude of the 
frequency response around the resonance peak. This effect and also the behavior of the phase 
shift are an indication that the feedthrough capacitance has been over-compensated. We 
assume that this is because the compensation electrode is closer to the sense electrodes, as 
compared to the drive electrodes. Therefore, the feedthrough capacitance between 
compensation and sense ports Ccomp is larger than the capacitance between drive and sense 
ports Cft. 
The output amplitude after electrical compensation is precisely symmetric around the 
resonance peak, and a phase shift of 90° occurs at resonance, indicating that the feedthrough 
capacitance has been adequately cancelled out, as the gain k of the inverted voltage amplifier 
has been tuned to closely match the requirement: ft sk C C= . 
The results from the on-chip compensation technique are not as good as from the electrical 
compensation, as there are some mismatches between the compensation and feedthrough 
capacitances. The compensation current icomp can be tuned electrically to compensate the 
feedthrough current ift by either means of adjusting the level of the complimentary voltage or 
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compensation electrode size and/or position. Once the compensation electrode has been 
designed carefully to match well with the feedthrough capacitance, this technique would be 
promising for mass production as there is no adjusting element in the readout circuit. The 
second technique can achieve very good resonance output when the inverted voltage amplifier 
is sufficiently fine-tuned to cancel out the feedthrough effect. This adjustment can be done 
very easily and accurately with a variable resistor. For this reason this technique is widely 
used in the following work. 
Figure 2.17: Measured amplitude and phase curves as well as polar plots of original resonator output at normal 




Figure 2.18: Measured amplitude and phase curves as well as polar plots of the output after signal conditioning 
at normal atmosphere and 1 mbar. 
To characterize the performance of the resonators under different pressures and gas 
atmospheres, they were measured in a vacuum chamber under back pressures ranging from 
atmospheric conditions (≈ 1000 mbar) down to low vacuum obtained with a turbomolecular 
pump (measurement setup and results are shown in Chapter 3). Fig. 2.17 illustrates the 
measured resonator response without any circuit treatment (original output) under 1 mbar and 
under 1000 mbar pressures. For comparison, Fig. 2.18 shows the resonance signal after the 
1000 mbar 1 mbar 
1000 mbar 
1 mbar 
1000 mbar 1 mbar 
1 mbar 
1000 mbar 
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circuit treatment using electrical compensation. From these two figures it can be seen that, the 
electrical crosstalk in the resonator has been adequately cancelled out and the resonator output 
signal is much improved. 
2.5 Conclusion 
Piezoelectric beam resonators employing AlN as active film have been fabricated and tested. 
The effect of the input-output electrical crosstalk is found to be significant. Its origin is found 
to be mainly due to the feedthrough capacitance Cft. It was analyzed and modeled, using an 
equivalent circuit model. In a polar diagram, the crosstalk introduces an offset of the 
resonance circle toward the first quadrant, making the mechanical resonance less pronounced 
and the characterization of the resonance behavior more difficult. 
Two solutions were investigated in order to compensate the electrical crosstalk, by using a 
doubly-clamped beam resonator as example. The first solution is based on an additional on-
chip compensation electrode, applying an inverted complementary voltage to it as compared 
to the drive electrodes. The second compensation method uses an adjustable inverted voltage 
amplifier, applying a compensation voltage to the SCS bottom electrode. After the 
compensation treatments the resonator output signal can be enlarged by a charge amplifier in 
both cases. The experimental results indicate that both compensation solutions are applicable 
and in excellent agreement with the theoretical predictions. In our experiments the matching 
of the on-chip compensation electrode was not as precise as expected, but it can be improved 
by design adjustments. Once this improvement has been achieved, the on-chip compensation 
is easier and more cost efficient for mass production, whereas the electrical compensation 
solution is more flexible with respect to individual precise adjustment. At the laboratory stage 




 3. Experimental details and results 
It is well know that oscillating structures can be profoundly influenced by the gas that 
surrounds them. In general, the dissipated energy for a resonator consists of internal energy 
losses (e.g. mechanical structure friction, radiation of elastic energy into the attachments: so 
called anchor-losses, etc.), and external losses (e.g. viscous, acoustic, and squeeze-film losses) 
into the surrounding fluid [21, 113]. The energy dissipated per cycle is the sum of the energy 
dissipated by each of these mechanisms. The total quality factor is dominated by the lowest 
component. The internal loss can be measured by operating the resonator in high vacuum. 
However, when operating in normal atmosphere, energy losses into the surrounding fluid are 
the main energy loss source. The surrounding fluid also affects the natural frequencies of the 
resonator. The cases on oscillators vibrating in fluid can be broadly divided into i) those that 
deal with vibration in unbounded fluids, ii) those that deal with vibration in a fluid bounded 
by a nearby surface. 
Detailed measurements of the frequency responses of a series of micro beam resonators are 
presented in this Chapter. This work aims at evaluating and comparing systematically the 
effects of ambient pressure, the nature of the surrounding gas, resonator geometry, higher 
mode operation and the presence of a nearby surface on the resonance behavior. For this 
purpose, rectangular silicon beams with different geometries have been fabricated and tested 
in a number of gases under pressures varying from 10-4 – 103 mbar. To investigate the energy 
losses in a practically unbounded fluid, up to seven higher vibration modes are recorded in 
addition to the fundamental flexural resonance mode. For the case of vibrations in a bounded 
volume of fluid, a cover with cavity heights of 20, 50, 100, 150, 200, 250 and 300 μm, is 
clamped on the top surface of the resonator. Thus the mechanisms by which the closeness to 
the surface affects the quality factors and frequency shifts of the resonator can be explored. 
The work in this Chapter demonstrates how the possible sources of damping affect the 
resonance behavior of micro resonators. It provides experimental data for modeling the 
resonator behavior in gaseous environment as well as in vacuum. 
3.1 Experimental details 
3.1.1 Measurement setup 
The resonator is mounted on the setup with the electronic circuit (which was depicted in 
Chapter 2) and then placed in a custom-built vacuum chamber. The vacuum chamber is 
equipped with a turbo molecular pump and a rotary vane pump. The combination of a low 
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vacuum gauge (measurement range: 1000 to 0.1 mbar) and a high vacuum gauge (1 to 
410−  mbar) allows us to measure the pressure from atmosphere down to high vacuum (HV). 
Meanwhile, five noble gases (He, Ne, Ar, Kr, Xe) as well as N2, CO2 and SF6 are used to 
observe the resonator performance variation. During the measurement the maximum pressure 
is set to be 950 mbar, which is a little lower than normal atmospheric pressure (around 
1000 mbar), in order to avoid the environment air leak into the chamber. The expression 
“atmospheric” pressure is referred to 950 mbar in this work. The gases are chosen for their 
significantly different properties. The noble gases are particularly interesting in this 
investigation since they have similar properties. They are all monatomic gases, with gradually 
increasing density (molecular mass) and decreasing heat capacity, thermal conductivity and 
speed of sound under standard conditions as their orders increase in the periodic table. 
Surprisingly, Ne has the highest dynamic viscosity η of all gases. Besides, He has the lightest 
density and highest heat capacity and a relatively low viscosity (H2 was not used here for 
safety reasons), SF6 is the densest gas that is stable and not toxic in normal atmosphere. CO2 
has similar density with Ar but different viscosity. A list of these gases with their properties is 
given in Tab. 3.1. Fig. 3.1 shows (a) the camera picture (the gas bottles are behind the 
chamber, not shown in the picture) and (b) the schematic diagram of the measurement setup 















ρ η Cp κ c0 γ d0 M 
kg/m3 Pa s 10-6 J/(kg K) 103 W/(m K) m/s - m 10-10 kg/mol 10-3
He 0.178 19.68 5.2335 0.1513 1007 1.667 1.8578 4.00 
Ne 0.9004 29.7 1.0216 0.0491 461 1.667 2.2660 20.18 
Ar 1.784 22.8 0.5234 0.0177 319 1.667 3.0678 39.95 
Kr 3.708 25.38 0.247 0.00949 221 1.667 3.4992 83.80 
Xe 5.897 23.0 0.1583 0.00565 178 1.667 4.113 131.29 
N2 1.2506 17.9 1.0216 0.0258 343 1.4 3.1684 28.01 
CO2 1.977 14.83 0.8457 0.0168 267 1.333 3.8971 44.01 
SF6 6.18 15.66 0.658 0.135 134 1.1 5.1188 146.07 
Table 3.1: Properties of different gases (at 20 °C and 1000 mbar). 
Experimental details and results 33
(a)  
(b)  
Figure 3.1: (a) The camera picture and (b) the schematic diagram of the measurement setup used to characterize 
the micro resonators in the vacuum chamber. 
3.1.2 Device geometry and packaging 
Three sets of resonators are fabricated and used in this study, a schematic depiction of which 
is given in Fig. 3.2. The first set of resonators is suspended from one side only, henceforth 
referred to as cantilevers. Their length-width ratio l/w varies from 3 to 11. The second set of 
resonators is doubly clamped, and is therefore referred to as bridge. The third set is referred to 
as plate with single side suspension. The plate resonator differs from normal cantilevers since 
l/w is around 1. Besides, in order to compare the cantilever and plate resonator behaviors at a 
similar frequency range, there is an etched hole near the clamped end in some plate resonators. 
The width w of cantilevers and bridges was set at 100, 200, 400 and 800 μm, and the length l 
of cantilevers was varied at 1200, 1540 and 2200 μm, while l of bridges was set at 3400 μm. 
The plate resonators have two l-w combinations: 2000-1600 μm and 2900-2400 μm. The 
thickness t of the resonators was designed to be 20, 40 and 60 μm, and determined by the 
wafer thickness and wet etching process. In our fabrication process, the thickness variation 
was controlled to below േ3 μm. The exact thickness of individual resonators can be 
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frequency in HV. The detailed resonator geometries are listed in Tab. 3.2. 
 
(a) (b) (c) 
Figure 3.2: The basis resonator structures: (a) cantilever, (b) bridge and (c) plate. 
Structure Nr. w (µm) l (µm) t (µm) ws (µm) ls (µm) 
C
antilever 
C1 200 1200 18.4 - - 
C2-I 200 1540 18.8 - - 
C2-II 200 1540 37 - - 
C2-III 200 1540 58 - - 
C3 200 2200 17.7 - - 
C4 400 1200 20 - - 
C5 400 1540 22.5 - - 
C6-I 400 2200 22 - - 
C6-II 400 2200 37 - - 
C6-III 400 2200 57.2 - - 
C7 800 1200 23 - - 
C8 800 1540 17.2 - - 
C9 800 2200 18 - - 
B
ridge 
B1 200 3400 21.2 - - 
B2 400 3400 21 - - 
B3 800 3400 20.5 - - 
Plate 
P1 1600 2000 18 440 450 
P2 2400 2900 19.5 1800 500 
Table 3.2: Resonator geometries. 
Two resonator packaging methods were used in this work, to investigate the gas flow force 
and squeeze force effects individually. For the first case, the resonator chip was die-mounted 
on a printed circuit board (PCB) package, with a hole pre-drilled on the board, as shown in 
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Fig. 3.3. In this package, the resonator is suspended several millimeters away from any 
bottom surface, much bigger compared to the resonator width, the influence of the bottom 
surface on the resonance spectrum is minimum. So this packaged set can be used to 
investigate the resonator vibration in unbounded fluid, especially under reduced pressure. 
 
(a) (b) 
Figure 3.3: (a) The photo of a packaged chip for gas flow evaluation and (b) the schematic cross section view of 
the setup. 
To understand how fluid viscous dissipation is modified when the microcantilever is brought 
close to a surface and simultaneously allowing maximum flexibility for combining different 
cantilever structures with varying squeeze film gaps, a special mounting technology was used. 
Fig. 3.4 schematically shows the resonator packaging setup for “squeeze film” evaluation. In 
order to allow maximum flexibility for combining different resonators with varying squeeze 
film gaps, a top cover was clamped on the structure surface using a clip. For small cavities 
(20, 50, 100 and 150 µm), silicon wafers were wet etched to create the certain depth cavity, 
and for large cavities (200, 250 and 300 µm), aluminum blocks were used as the top cover, 
which were manufactured by conventional mechanical milling processes. 
 
(a) (b) 
Figure 3.4: (a) The photo of a packaged chip for squeeze film evaluation and (b) the schematic cross section 
view of the setup. 
h0 
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(a)  
(b)  
Figure 3.5: (a) 3D illustration of the surface and (b) the surface profile of a bridge resonator. 
 
Figure 3.6: Surface profiles of the top covers. 
The gap height h0 is an important parameter in this study. Accurate characterization of the gap 
height h0 depends on the resonator bending due to internal stresses and silicon wet etching 
timing or mechanical fabrication tolerance. White-light interferometer measurements were 
carried out to determine the resonator self-bending. The deflections of cantilevers at the tip 
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configuration, the deformations of bridge resonators are much smaller (< 3 μm). So the bridge 
resonators were selected for squeeze film measurements. Fig. 3.5 shows a typical surface 
profile of bridge resonator. The surfaces of the top covers were measured using a profilometer 
and are shown in Fig. 3.6. 
3.1.3 Resonator characterization 
By sweeping the actuation frequency across the resonance frequency, one can get the 
harmonic frequency response of the device, from which the damping characteristic of the 
device can be extracted. The response curve was fitted by using a second order equivalent 
circuit model. In real measurements, due to the nonlinearity of the real circuit, an offset 
voltage Uoff  was added to the fit function. Finally the output voltage can be written as 
 ( ) ( )1
1o off im m m
U s U U s
R s L s C
= + + + . (3.1) 
The resonance frequency and Q factor can be calculated from this model by 




m m m m
Lf Q
C L R Cπ= = . (3.2) 
Fig. 3.7 displays the frequency response from a micro bridge resonator at 1000 mbar, together 
with a fit result, which yields the resonance frequency fr = 46.325 kHz and quality factor Q = 
1691.8. 
 
Figure 3.7: Measured resonance (circles) with fitting curves (solid line) according to eq. (3.2) yielding the fit 
parameters fr= 46.325 kHz and Q = 1691.8. 
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3.2 Dynamic response of micro resonators vibrating in 
unbounded fluid 
Broadly speaking, the dissipation of the mechanical vibration energy of a micro resonator can 
occur due to acoustic radiation and viscous losses in the surrounding fluid, internal friction 
and support loss in the structure, etc. However, at the micrometer scale, energy losses in the 
surrounding fluid are typically much greater than other losses combined. The surrounding 
fluid also affects the natural frequencies of the microbeam. The cases on microbeam vibrating 
in fluid can be broadly divided into i) those that deal with a microbeam vibrating in 
unbounded fluid, ii) those that deal with a microbeam vibrating close to a surface. The first 
case is investigated in this Section. 
3.2.1 Micro resonator performance at the first flexible mode 
The resonators were tested under controlled pressure from HV pressure to normal atmosphere. 
The resonance frequencies and Q factors were characterized as a function of the ambient 
pressure. Apparently, when vibrating in a vacuum, the gas damping on the resonator is 
minimized and a high Q value can be achieved. Increasing the pressure by starting from HV 
conditions results in a slight shift in the resonance frequency but a dramatic reduction in the Q 
factor, as demonstrated by the example resonance curves shown in Fig. 3.8, which is the 
measurement of a microcantilever in N2 atmosphere for the first flexural mode. The cantilever 
is numbered as C6-I, and its nominal dimensions can be found in Tab. 3.2. 
 
Figure 3.8: Resonant measurements of the cantilever under the pressures from HV to 1000 mbar in N2 
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The resonance frequency shift is illustrated in Fig. 3.9. The corresponding resonance 
frequency was changed from 6.981 kHz at atmosphere pressure to 7.008 kHz at 1 mbar. When 
the pressure is decreased further, the resonance frequency stays constant within the 
measurement accuracy. Fig. 3.10 shows the measured Q factors of the cantilever as a function 
of the chamber pressure. The Q factor is 530 at atmosphere pressure and increases as the 
pressure decreases, but this tendency in lower pressure is limited by intrinsic damping effects 
occurring in the mechanical structure [114], the Q factor finally reaches its maximum value, 
as high as 6900 at 0.001 mbar. As observed from both Q factors and resonance frequency 
shifts, at higher pressure levels the interaction between cantilever and the residual gas 
atmosphere is in both cases the dominating losses mechanism. Gas damping becomes less 
effective if the back pressure reduced. 
 
Figure 3.9: Resonance frequency shift for the first flexural mode as a function of ambient pressure in N2 
atmosphere. 
The measured Q factor is a composition of the intrinsic Q factor Qint and Qgas due to gas 
damping, following the relationship: 
 1 1 1int gasQ Q Q
− − −= + .  (3.3) 
When the ambient pressure was below 10-3 mbar, no differences in the resonator output could 
be observed; so the Q factor below this pressure is assumed to be the resonator’s intrinsic Q 
factor Qint and this pressure regime is called: 
? Intrinsic regime: the pressure is at sufficiently low vacuum level so that gas damping is 
negligible. The intrinsic losses within the resonator materials dominate the performance. 
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Figure 3.10: Variation of Q factor with ambient pressure in N2 environment for the first flexural mode. The solid 
diamond points are the measured Q factors, while the hollow points are the calculated Q factors purely due to 
gas damping, by separating mathematically the intrinsic damping. 
Gas damping starts to increase energy losses in the microcantilever when the ambient pressure 
exceeds the levels of the intrinsic regime. Different damping regions can be identified by 
using the Knudsen number Kn. The Knudsen number is given as the ratio between the mean 
free path of the gas λ and the characteristic length scale of the flow. For the cantilever without 
a gap to a nearby surface the characteristic length is considered to be the width of the 
cantilever w [115] 
 Kn wλ= . (3.4) 







λ π= , (3.5) 
where Kb = 1.38·10-23, is the Boltzmann constant, T is the ambient temperature, p is the 
ambient gas pressure. 
Depending on the pressure level, three different gas damping regions can be identified [115]: 
? Molecular regime (Kn > 10): damping is caused by independent collisions of non 
interacting gas molecules with the vibrating surface of the resonator; the energy loss is 
proportional to the gas pressure p [116, 117]. However, since the intrinsic damping is 
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directly a significant pressure dependence. 
? Transition regime (0.1 < Kn < 10): the gas is neither non-interacting nor continuous. The 
analysis using particle simulation like direct simulation Monte Carlo (DSMC) approaches 
[118] must be employed [119-121]. Although recently an analytical solution in the 
transition regime has been proposed by Yakhot et al. [122-126], it does require several 
fitting parameters which are different with respect to different resonators and gases. They 
need to be determined experimentally [127, 128]. Detailed investigation in this regime is 
out of this research scope. 
? Viscous regime (Kn < 0.1): the gas acts as a continuous viscous fluid and the viscous drag 
is typically the dominant loss mechanism, with a p  pressure dependence [37, 129]. In 
the case shown in Fig. 3.10, above 10 mbar the quality factor is influenced markedly by 
the ambient gas and Qgas exhibits an inverse square root dependence on pressure, 
implying that viscous damping is dominant. For the case that the micro resonator vibrates 
in unbounded gas, we will focus on the gas damping in the viscous regime. 
3.2.2 Dependence of micro resonator response on ambient pressure, gas 
and geometry 
In order to determine the resonator performance dependence on gas species, the resonator was 
tested in the chamber filled with different specific gases under controlled pressure. Fig. 3.11 
shows the resonance frequency shifts as a function of pressure for different gases. The results 
indicate clearly that the resonance frequency decreases as the density (molecular mass) of the 
gas increases. Furthermore, in Fig. 3.12, the normalized frequency shift ,r HVf fΔ , which 
equals to ( ), ,r HV r r HVf f f−  is plotted as a function of gas density, where fr,HV corresponds to 
the resonance frequency fr in HV. In the inset to Fig. 3.12, the relative resonance frequency 
shift is plotted as a function of the density ρ of the gas at atmospheric pressure. The resonance 
frequency shift changes from 0.09% (He) to 1.69% (SF6) as the density increases from 0.178 
to 6.18 kg/m3, respectively. The results in Fig. 3.12 indicate a clear linear dependence of the 
resonance frequency shift on the density of the gas. Although the dynamic viscosities of the 
eight gases vary between 14.83 and 29.7ൈ10-6 Pa  s, no direct dependence of the resonance 
frequency shift on the dynamic viscosity is observed. 
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Figure 3.11: Resonance frequency shifts with ambient pressure and different gases for the resonator in its first 
mode. 
 
Figure 3.12: Normalized frequency shifts as a function of the density ρ of the gases under different pressures. 
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Fig. 3.13 presents the Q factor dependence on pressure of this resonator for different gases. It 
has been shown that Q factors are very sensitive to density and viscosity of the surrounding 
fluid. Q factors Qgas due to gas damping in the viscous regime are derived and shown in 
Fig. 3.14, and replotted in Fig. 3.15 as a function of the product of the density ρ and the 
dynamic viscosity η of the surrounding gases at reduced pressure. The inset shows the 
relationship at atmospheric pressure, only. It indicates a clear dependence of Qgas on ρη . 
This further confirms that for slender structures viscous loss is proportional to the square root 
of the gas pressure p . 
 
Figure 3.13: Variation of Q factors with ambient pressure for different gases with the resonator in its first flexural 
mode. 
These results further confirm that, by analyzing the frequency response of a cantilever in a 
fluid, the viscosity and density of the fluid can be determined. Only gases with identical 
density and viscosity will give the same resonance frequency and Q factor. Gases that have 
similar viscosities or densities can be easily distinguished with this technique. As an example, 
consider CO2 and Ar at 20°C and 1000 mbar, which have similar densities (1.977 and 
1.784 kg/m3) but significantly different viscosities (14.83 and 22.8 Pa s 10-6), we find that the 
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6.970 kHz), yet their quality factors are different (474 and 402). 
 
Figure 3.14: Variation of the Q factor due to gas damping in the high pressure regime (approx. viscous regime) 
for different gases with the resonator in its first flexural mode. 
 
Figure 3.15: Evolution of the Q factors as a function of the product of the density ρ and the dynamic viscosity η 
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We now discuss the Q factor dependence on the geometry of microcantilevers operating in 
vacuum condition. Fig. 3.16 shows the measured Q factors of the cantilever with different 
lengths l and widths w in HV, which is in the intrinsic regime, and under atmospheric pressure 
in N2, and Fig. 3.17 shows the measured Q factors for cantilevers with different thicknesses t. 
It can be seen that the Q factor in HV increases with increasing l and decreasing t, while at 
atmosphere it shows the opposite trend. At 1 bar the results are almost independent on the 
width w. In the intrinsic regime the results show a nonintuitive dependence on the width. 
Moreover, the quality factors in HV of a cantilever fully covered with a piezo-electrode stack 
are included in Fig. 3.16. All other resonators are covered by the piezo stack with a fill factor 
of 20-60% over the cantilever length. It can clearly be seen that the cantilever with a reduced 
cover layer pattern results in a markedly improved quality factor. 
 
Figure 3.16: The Q factors of cantilevers with different widths and lengths. The Q factors of fully piezo-electrode 
stack covered cantilevers in HV were included for comparison. 
  
  
Full piezo-electrode stack 
covered cantilever 
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Figure 3.17: The Q factors of cantilevers with different thicknesses. 
3.2.3 Micro resonator performance at higher modes 
Up to now, most of the published research work was focused on the gas flow damping effect 
of resonators operating in their fundamental first flexural mode. More recently, however, 
attention begins to be paid to resonators operating at higher flexural or torsional modes [58-60, 
130, 131]. So far, in individual studies, individual resonance modes of resonant cantilevers are 
developed and used. With the results obtained from different cantilever designs and different 
experimental conditions, it is difficult to compare them and to judge which mode is superior. 
In this work the performance of microcantilevers in different orders of flexural, lateral and 
torsional modes are systematically evaluated and compared. 
The cantilever resonator C6-I was tested first. To excide the resonator in higher modes, the 
applied driving voltage frequency was scanned from 5 kHz to 500 kHz. Seven resonant 
modes of the cantilever have been detected and characterized, which are the first to fourth 
flexural modes, the first lateral mode, and the first and second torsional modes, respectively. 
Finite element analysis software COMSOL was used to assign the resonant modes to the 
observed peaks. A comparison between simulated and experimentally observed frequencies is 
shown in Tab. 3.3. Fig. 3.18 shows the resonance frequencies and amplitudes of the cantilever 
in normal atmospheric N2. The resonant mode shapes inserted in the figure were obtained by 
















Width*Length: 200*1540 µm (HV)
Width*Length: 200*1540 µm (atmosphere)
Width*Length: 400*2200 µm (HV)
Width*Length: 400*2200 µm (atmosphere)
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Mode 1st flex. 2nd flex. 1st tors. 1st later. 3rd flex. 2nd tors. 4th flex. 
fe 7.0 41.1 73.6 95.5 112.6 212.7 225.5 
fs 6.6 41.5 74.1 110.3 116.3 219.6 228.3 
Error 5.71% 0.97% 0.68% 15.50% 3.29% 3.24% 1.24% 
Table 3.3: Comparison of experimentally observed resonance frequencies fe (kHz) and COMSOL simulated 
frequencies fs (kHz). 
 
Figure 3.18: Amplitude spectrum and mode shapes of the cantilever at normal atmospheric N2. 
The Q factors of different modes were characterized under different pressures varying from 
10-4 mbar (HV) to 950 mbar (atmosphere). When the ambient pressure was even lower no 
differences in the resonator output could be observed. So the results at 10-4 mbar pressure are 
assumed as the intrinsic output of the resonator. The Q factors from the measurements are 
summarized in Fig 3.19, from which one can find that, the mode shape has a big effect on the 
performance of the resonator. 
The torsional modes exhibit higher Q factors than all other types of modes over the whole 
observed pressure range. This phenomenon is consistent with measurements found in the 
literature [56, 132 and 133]. Unlike the bending strain under flexural or lateral motion in the 
silicon membrane and the top piezo-electrode stack strips, the generated shear strain under 
torsional motion is unaffected by volume tension or compression. This can effectively 
suppress volume-change-induced energy dissipation [134]. Moreover, the tuning-fork-like 
antiphase movement between the double sides of the torsional cantilever is expected to 
feature a high quality factor in gaseous environment. 
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Figure 3.19: The Q factors of different modes as a function of ambient pressure. 
The Q factor of the lateral mode stays almost constant in low pressure and starts to decrease 
until the pressure is close to 1 bar. The gas damping energy loss in the lateral mode is 
expected to be lower, since the beam is shearing with its width and only compressing the gas 
with its much smaller thickness. However, the intrinsic energy loss was found to be the 
highest for all observed modes, so that the effect of gas damping is only observed at pressures 
close to 1 bar. The high intrinsic loss is expected to be mainly due to the larger support loss as 
compared to other modes [94]. 
While the quality factor changes for the flexural modes are found to be complex. The Q 
factors for the flexural modes at different pressures are extracted in Fig. 3.20. The intrinsic 
energy loss is found to increase when the mode number is higher than 2. For the 3rd and 4th 
flexural modes, the thermoelastic damping (TED) loss was found to play an important role in 
the internal losses. According to Ref. [83, 84], QTED has a minimum when vibrating at thermal 
relaxation frequency F0, where the heat energy generated from the material internal friction 
dissipates completely. For the cantilever in this case, F0 is calculated to be around 235 kHz, 
the resonance frequency of the 3rd (112.6 kHz) and 4th (225.5 kHz) flexural modes are closer 
than those of other flexural modes, and the TED energy loss is much higher than the others. 
The Q factors in gas environment is increasing and then decreasing as the order of the flexural 
mode gets higher. This is partially due to the higher intrinsic damping for the 3rd and 4th 
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the quality factors Qgas due to gas damping at atmospheric pressure are 543, 1318, and 1890 
for the first, second, and third flexural modes, respectively. These results show a general trend 
that Qgas is increasing as the order of the flexural mode gets higher. However, Qgas slightly 
reduces to 1645 at the fourth flexural mode. It indicates that Qgas will not unlimited increase 
as the increasing frequency. The reason for this is waiting for further investigation. 
 
Figure 3.20: The Q factors of the flexural modes at different pressures in N2 environment. 
More cantilevers, numbered as C1, C2-I, C3 and C6-I, were tested and characterized. Since 
the Q factor dependence on surrounding pressure is expected to be similar to that shown in 
Fig. 3.19, only the results in vacuum and at normal atmosphere N2 are shown here. 
From Fig. 3.21 (a) one can find that, firstly, for the flexural modes, almost constant quality 
factors are found when the resonance frequency is lower than 50 kHz or higher than 300 kHz, 
whereas a minimum occurs around 200 kHz, as indicated by the dashed curve in the figure. 
Secondly, the torsional modes have the highest quality factors in vacuum. Thirdly, the 
intrinsic quality factors for the lateral modes are around 2000, which limit the quality factors 
in gaseous environment. In future research, we will focus on decreasing the intrinsic damping 
for the lateral mode. 
The vibration features in atmospheric pressure are shown in Fig. 3.21 (b). For the flexural 
modes, the quality factor first increases as the mode number and frequency increases, but the 
growth of quality factor slows down and finally decreases. This is induced by both higher 
intrinsic and gas damping. While the torsional modes, again, show the highest quality factors 
at atmospheric pressure. 
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(a)  
(b)  
Figure 3.21: The Q factors as a function of resonance frequency of different cantilevers at different modes, (a) in 
HV and (b) at atmospheric pressure in N2 environment. The dashed lines are guides to the eye only. 
To further evaluate the gas damping effects on the higher flexural vibration modes, the 
cantilever was tested in different gases. The quality factor associated with the gas damping 
Qgas in atmospheric pressure is characterized and shown in Fig. 3.22. Resonator vibrating in 
He shows the highest Q factor for all modes in atmospheric pressure. However, the intrinsic 
damping is even heavier than gas damping in the third and fourth flexural modes, the Qgas for 
He is not shown here since they cannot be precisely evaluated. Only the first two modes for 
Kr, SF6 and Xe and first three modes for CO2 could be detected in atmospheric pressure, 
because the signal of the fourth mode was too weak. The left three gases, Ne, N2, and Ar, are 
successfully characterized in atmospheric pressure up to the fourth flexural mode. Like N2, 
the Qgas of Ar finally decreases for the fourth mode. It can be seen that, for the first two modes, 
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fourth mode, the Qgas shows a larger dependence on the density ρ of the gas. 
 
Figure 3.22: The Q factors of the cantilever of different flexural modes in different gases at atmospheric pressure. 
When the resonator is vibrating in the first mode (or at low frequency), the gas which the 
resonator immersed is assumed to be incompressible, thus viscous damping is the dominant 
energy loss. However, as the mode number increases, the incompressible gas assumption is 
not valid. Compression of the gas leads to additional acoustic damping and reduces Qgas [135, 
136]. So compressible fluid model should be considered when planning experiments which 
involving the use of higher resonant modes in normal atmosphere. 
3.3 Dynamic response of micro resonators vibrating close to a 
surface 
This Section focuses on microbeams vibrating close to a surface, i.e. resonators with a well 
defined air gap. In many practical applications, resonators are vibrating near a planar surface 
or sample with a certain gap between the resonator and the wall [137-143]. It is well known 
that the presence of a wall can strongly affect the hydrodynamic loading on a body immersed 
in a viscous fluid. For the case when the gap is much narrower than the lateral dimensions of 
the resonator plate, the theory of squeeze film damping applies and the fluid can be modeled 
using hydrodynamic lubrication theory. Many publications [66-71] can be found in this field, 
including the work in our group [72, 73]. Moreover, an effective viscosity ηeff is used instead 
of the gas dynamic viscosity η, to account for the non-continuum fluid behavior in the gap 
between resonator and surface. This concept is reasonable when the surrounding pressure 
range is in the viscous regime, which means the pressure is not very low so that the gas can 
still be considered as a continuum, i.e. when the Knudsen number Kn (here defined as the 
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ratio of the mean free path of the gas molecules to the gap height), is smaller than 0.1. 
Burgdoufer [144] obtained a simple form for the effective viscosity coefficient 
 
1 6eff Kn
ηη = + . (3.6) 
The traditional squeeze film model is sufficient to deal with resonators vibrating very close to 
a surface or when the plate dimensions are much larger than the film thickness. However, in 
practical devices the squeeze film assumption does not always hold. In this Section, we 
experimentally explore the mechanisms by which the closeness to the surface affects the 
resonator resonance behavior. The experiments are carried out on the B2 bridge resonator. We 
will present the results of the first mode of vibration in different gases under pressures varying 
from HV to normal atmosphere, as well as the results for higher modes of vibration. 
3.3.1 Dependence of micro resonator responses on gap width 
To understand how fluidic dissipation is modified when the resonator is brought close to a 
surface, we first measured the fundamental mode of the bridge resonator placed near a surface 
with the following gap widths h0: 20, 50, 100, 150, 200, 250 and 300 µm. The case without 
gap was also measured for comparison (“without gap” here or “no gap” in the figure means 
there is no cover on top of the resonator beam. Due to the package configuration, the next 
neighboring surface under the resonator beam is approximately 2.5 mm away, which is much 
bigger compared to the beam width, so the influence of this surface is assumed to be 
negligible). We begin by presenting results of the resonance responses of the resonator 
immersed in atmospheric N2, which is shown in Fig. 3.23. 
It is obvious that the resonator beam/surface separation has a strong effect on the resonance 
behavior. The general trend for the resonance peaks is to broaden and shift to lower peak 
frequencies as the resonator beam/surface separation decreases. As the bridge is brought 
closer, this squeeze film damping continues to increase. The measurement results fit with the 
expectation that the fluid loading force increases significantly upon approach toward a surface. 
We observe that the resonance frequency shift is relatively insensitive to the presence of a 
surface when the separation h0 is greater than 150 μm, which corresponds to a gap to plate-
width ratio of more than 0.5. However, for h0 = 150 μm, the Q factor is approximately 20% 
less than vibration without gap, and for h0 = 250 μm, the Q factors differs by only less than 
2%. 
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Figure 3.23: Amplitude spectra of bridge resonator in fundamental mode in N2 at atmospheric pressure. The 
curves for 250 and 300 μm and no gap are overlapped in this figure. Insert shows the quality factor and 
resonance frequency, the dashed lines represent the limit as without gap. 
 
Figure 3.24: Variation of Q factors with ambient pressure for N2 with different gap heights. 
To quantify the pressure effect on the dissipation in the fluid as the resonator is vibrating near 
a surface, it was further measured under reduced pressures. Fig. 3.24 shows the quality factors 
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clear that the dissipated energy increases dramatically as h0 decreases, particularly at low h0. 
These results demonstrate that the proximity of a solid surface leads to a vast increase in 
viscous dissipative effects in the fluid, as expected from lubrication theory. Furthermore, we 
observe that for h0 > 200 µm, the quality factor tends to be very similar to that of a resonator 
immersed in an infinite fluid. For instance, for h0 = 250 µm at 1000 mbar pressure, the quality 
factor differs from its value for h0՜∞ by approximately 2%. However, at lower pressure, e.g. 
10 mbar, the quality factors differs by more than 10%. In other words, at reduced pressure the 
presence of a wall can affect the behavior of the dissipative loading, even for large gap 
heights. 
3.3.2 Dependence of micro resonator response on ambient gas 
The cases with 20 and 50 µm gap were tested with different gases, and Figs. 3.25 and 3.26 
illustrate the results, plotted on a logarithmic pressure scale. 
 
Figure 3.25: Variation of Q factors with ambient pressure for different gases with a 20 μm gap. 
From traditional squeeze film theory, the energy loss is proportional to the effective viscosity 
of the surrounding gas. The assumption is that the gap height should be much smaller than the 
beam width. To examine the case that does not fit this “narrow gap” assumption, it is 
necessary to scale all pressure data in terms of effective viscosities. After replotting the 
quality factors as a function of effective viscosity ηeff, linear relationships appeared (c.f. to 
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can be observed at lower effective viscosities (equivalent to lower pressure), whereas for 
higher ηeff the Q factors of different gases start to differ from each other, calling for 
improvement of the traditional theory. 
 
Figure 3.26: Variation of Q factors with ambient pressure for different gases with a 50 μm gap. 
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3.3.3 Effect of higher vibrating modes 
Moreover, the squeeze film effect is expected to be mode shape dependent. To quantify this 
effect, the Q factors for the higher modes were measured and plotted in Fig. 3.28. The second 
mode cannot be detected, only the first and third flexural modes are shown here. The quality 
factors generally increase with increasing gap height and resonant mode. Although the 
intrinsic quality factor in the 3rd mode (2000) is lower than the 1st mode (8000), the quality 
factors at atmospheric pressure increased from 20 to 146 at 20 μm gap and from 156 to 477 at 
50 μm gap. 
 
Figure 3.28: Variation of Q factors over pressure for the 1st and 3rd flexural modes and for two different gap 
heights in N2 atmosphere. 
3.4 Conclusion 
Detailed experimental measurements of the resonance responses of different microbeam 
resonators immersed in eight different gases under pressures ranging from 10-4 to 1000 mbar 
have been presented. The measurements are used to assess the validity and applicability of 
different energy-loss models for resonators, which will be presented in the next Chapters. The 
main observations and findings of this Chapter are the following: 
For resonators vibrating in unbounded gases: 
(1) The resonance frequency shift of microbeams immersed in gases is mainly affected by the 
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variations of the eight different gases, no direct dependence of the resonance frequency 
shift on the dynamic viscosity is observed. 
(2) In contrast, the Q factor is dominated by viscous damping in the higher pressure range, 
and is influenced by both gas density and viscosity. For resonators vibrating in gases in 
the viscous regime, especially at or near atmospheric pressure, a linear dependence on 
ρμ  is observed. 
(3) The performance of microcantilevers in higher order resonance modes is systematically 
investigated. The torsional modes exhibit better quality factors than those of the flexural 
and lateral ones over the whole pressure range. The cantilever vibrating in lateral mode 
experiences the lowest gas damping, but the highest intrinsic damping. 
(4) For the flexural modes, the quality factors in vacuum are found to be almost constant 
when the resonance frequency is lower than 50 kHz or higher than 300 kHz, whereas a 
minimum occurs around 200 kHz, this is mainly because of TED damping. While at 
atmosphere, the quality factor first increases as the mode number and frequency increases, 
but the growth of quality factor slows down and finally decreases. This is induced by both 
higher intrinsic and gas damping. Further measurements with different gases show that the 
compressibility of gases leads to additional damping when the resonator is vibrating in 
higher mode, whereas in most cases, the gases are assumed incompressible. 
For resonators vibrating in bounded gases: 
In traditional theories, viscous damping models assume that the resonator is vibrating in 
unbounded fluid, while squeeze film damping models are based on the assumption that 
resonators vibrating very close to a surface or the plate dimensions are much larger than the 
film thickness. In practical devices these assumptions do not always hold. Experiments with a 
big range of beam/surface separation are performed, and can be used to verify the improved 
theoretical models which will be presented in next Chapter. 
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 4. Analysis of hydrodynamic loading on vibrating micro 
resonators 
In this Chapter, the research interest is focused on beam-shaped resonators operating in gas 
media. Firstly, the full set of Navier-Stokes equation is semi-analytically solved using the 
Boundary Element Method (BEM) [39-43]. The solution of the model can be interpreted by a 
“three wave theory” with coupled viscous, thermal and acoustic waves. The viscous and 
thermal wavelengths are in the same order of magnitude but much shorter than the acoustic 
wavelength. For low frequency vibration, the energy is mainly dissipated by the viscous and 
thermal waves. However, as the resonance frequency increases, the acoustic wavelength in the 
fluid reduces and ultimately becomes comparable to and even smaller than the structural 
wavelength. In such cases, acoustic radiation can be the dominant energy loss into the 
surrounding fluid.  
In this work, the FEM package COMSOL Multiphysics [46] has been used to solve and 
simulate the full model equations. The comparison of the measured quality factors from a 
plate resonator and COMSOL simulation confirms the accuracy of the full model and 
COMSOL prediction. Later, COMSOL simulations are also used to verify with experiment 
results and simplified analytical models. 
Secondly, for slender structures at moderate reduced pressures viscous drag is typically the 
dominant loss mechanism. Viscous damping models require solution of the Navier-Stokes 
equations for unsteady, incompressible flow. Some simple geometry like a sphere [47-50, 56] 
or a cylinder [52, 55] is taken as an approximation of the actual geometry. Incompressible 
flow is expected for the first few flexural or torsional harmonic modes where the dominant 
length scale of the beam is much smaller than the wavelength of sound in the fluid. However, 
as the resonant mode number increases, the acoustic wavelength reduces and the energy loss 
is diluted through mixing of viscous and acoustic effects. Discussion on the influence of the 
fluid’s compressibility on the resistance of the beam is carried out. 
Thirdly, in many MEMS applications, micro resonators are either fabricated or intentionally 
moved close to a second surface, separated by a well defined gap. The vicinity of the micro 
resonator to such a surface can affect significantly the quality factors. Traditional squeeze 
film models are sufficient to deal with resonators vibrating with a gap size to a nearby surface 
which is much smaller than the plate dimensions. However, in practical devices this “squeeze 
film” assumption does not always hold. We will focus on gap sizes that are comparable to the 
lateral dimensions. An extended squeeze film theory [77, 78] and a semi-analytical solution 
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[79-81] derived from unsteady Navier-Stokes equations are examined with experiments and 
COMSOL simulations. Besides, Schwarz and Seidel [82] have proposed a new thermo-
mechanical resonance model to account for the gas damping effect in the transition regime. In 
this work the resonance behavior over a wide pressure range (from HV to atmospheric 
pressure) is also modeled quantitatively by the superposition of different damping 
mechanisms in the different flow regimes, including the thermo-mechanical damping in the 
transition regime. 
4.1 Full Navier-Stokes equations and numerical simulation 
For a gas continuum, the most extensive type of model clearly must be based on a solution of 
the full set of Navier-Stokes equations. This means that it takes into account the effect of gas 
viscosity, thermal conductivity and compressibility. The variables are pressure, density, 
velocity and temperature that all vary around the vibrating structure. This leads to a very 
straightforward and widely applicable model. 
4.1.1 Theory 
The basic equations governing the gas motion due to the resonator vibration are the 
compressible Navier-Stokes equation, the equation of continuity, the equation of state for an 
ideal gas and the energy equation. The equations can be written as: 
 ( ) ( ) ( )1 4
3
t p η ηρ ρ ρ∂ ∂ + ⋅∇ = − ∇ + ∇ ∇⋅ − ∇× ∇×u u u u u , (4.1) 
 ( ) 0tρ ρ∇⋅ +∂ ∂ =u , (4.2) 
 ( )p vp C C Tρ= − , (4.3) 
 pC T t T p tρ κ∂ ∂ = Δ + ∂ ∂ , (4.4) 
where u, Cv and t denote respectively the velocity vector, heat capacity at constant volume 
and time. The operators ∇  and Δ are the gradient and Laplace operator.  
This set of equations has been implemented in the commercial package COMSOL 
Multiphysics [46]. In order to understand the equations more deeply, an alternative solution of 
the full model called Boundary Element Method (BEM) [39-43] is discussed here. The 
velocity is written as the sum of a viscous velocity uv, due to viscous effects, and a laminar 
velocity ul: 
 v l= +u u u , (4.5) 
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which satisfy the conditions that the divergence of the viscous velocity is zero: 0v∇⋅ =u , and 
the rotation of the laminar velocity is zero: 0l∇× =u . 
The pressure is also split up into two components: 
 a hp p p= + , (4.6) 
where pa is the acoustic pressure and ph is the thermal pressure. Splitting the acoustic 
variables facilitates rewriting the governing equations into scalar wave equations for the 
acoustic and thermal pressures and a vector wave equation for the viscous velocity: 
 ( )2 0a ak pΔ + = , (4.7) 
 ( )2 0h hk pΔ + = , (4.8) 
 ( )2 0v vkΔ + =u . (4.9) 
The temperature fluctuation ∆T is the sum of acoustic and thermal temperature variations 
related to the acoustic and thermal pressures by: 
 a a h hT p pα αΔ = + , (4.10) 
and the laminar velocity ul is written as: 
 l a a h hp pφ φ= ∇ + ∇u . (4.11) 
The exact expressions for the coefficients ka, kh, kv, αa, αh, φa, and φh can be found in the 
literature [39-42]. 
4.1.2 Physical interpretation 
The solution of the full set of equations can be physically interpreted as follows: The 
structural vibration results in acoustic wave propagation in the surrounding fluid. The acoustic 
domain can be divided into a boundary layer and the bulk region, as shown in Fig. 4.1. In 
micro scaled geometries where the boundary layer (also refer to Fig. 1.4) occupies a 
substantial part of the acoustic domain, the acoustic model needs to account for the 
viscothermal effects to accurately describe the wave propagation. 
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Figure 4.1: Two regions in the acoustic domain: the bulk and the boundary layer, and three waves due to 
vibration. 
Amongst other authors, Mechel [145] describes the viscothermal acoustic equations as a 
“three wave theory”: interaction of an acoustic wave, a viscous wave and a thermal wave. The 
expressions for the acoustic ka, viscous kv and thermal kh wave numbers are derived from the 
solution of the full model. They are defined as: ka=ω/c0, kv2=-iωρ/η and kh2=-iωρCp/κ, with i 
the imaginary unit. The wavelengths λv, λh of the more heavily damped viscous and thermal 
waves are related to the boundary layer thickness, while the slightly damped acoustic wave 
propagates with wavelength λa mainly in the bulk regime. The formed viscous and thermal 
wavelengths have comparable length scales with the boundary layer thickness, but they are 
much smaller than the acoustic wavelength. Fig. 4.2 compares these frequency dependent 
length scales in air at frequencies from 1 kHz to 1 MHz. 
 
Figure 4.2: Characteristic length scales for vibrations in air: acoustic wavelength (solid), viscous wavelength 
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For microscale resonators vibrating in the fundamental mode and in the next few harmonics, 
the dominant length scale of the beam (e.g. width of the cantilever) is much smaller than the 
acoustic wavelength in the fluid. In this case the acoustic wave develops only very weakly so 
that the bulk region can be ignored and the fluid is expected to be practically incompressible 
and the energy loss is mainly due to the viscothermal dissipative effects. Consequently, the 
fluid motion can be described quite accurately by using incompressible Navier-Stokes 
equations. However, as the mode number or resonance frequency increase, the acoustic 
wavelength in the fluid reduces and ultimately becomes comparable to or even smaller than 
the dominant length scale of the beam. In this case, the bulk regime can become significant 
and the acoustic wave starts to radiate vibration energy. Therefore, compressibility can 
become critically important for operation at higher order modes, which would otherwise be 
greatly underestimated. In the extreme case, the fluid motion and the related energy losses can 
be modeled using a normal acoustic wave equation and the viscothermal effect can be 
neglected.  
4.1.3 Comparison between experimental and simulated results 
Estimating the gas damping characteristic of micro devices is one of the most important steps 
in the design process. Most existing models are accurate only for resonators with slim beams 
or narrow air gaps. For relatively large scaled devices like microphones, or resonators with 
moderate air gap, neither of the assumptions is fulfilled. One of the example resonators 
(numbered as P1) is shown in Fig. 4.3, the insert shows the chip mounted on a PCB board. 
The resonator was tested under controlled pressure from HV to normal atmosphere. 
 
Figure 4.3: The geometry of the P1 resonator (in μm). The insert shows the photo of the resonator mounted on a 
PCB board with attached bonding wires. 
The case of a resonator vibrating in gaseous environment is a typical fluid structure 
interaction (FSI) problem, which can be simulated by using an FEM software package. We 
used COMSOL in our simulations. The geometry of the model, being symmetrical with 
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respect to the xz plane consists of the plate resonator and a substrate, as well as two concentric 
half-spheres representing the boundary layer and bulk fields of the fluid domain (Fig. 4.4, 
refer also to Fig. 4.1). The resonator is clamped at its left end, and there is a 480 μm gap 
between the resonator and the fixed substrate. Surrounding the resonator and substrate is the 
boundary layer field which is modeled using three-dimensional viscous Navier-Stokes 
elements. Finally the invisicid potential domain is terminated at an acoustic radiation surface. 
 
Figure 4.4: Geometrical model of the current fluid structure interaction problem as generated in COMSOL 
Multiphysics software package. 
  
(a) (b) 
Figure 4.5: Pressure in the fluid domain surrounding the resonator: (a) bounded with a substrate and 
(b) unbounded constellation. 
Fig. 4.5 contains the typical output of an eigenfrequency simulation, i.e. the normalized 
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shown for comparison. Comparing the pressure distributions in Fig. 4.5, it is clear that 
significant pressure changes can occur in the gap between resonator and substrate. As the 
microcantilever is brought closer, this squeeze film damping is expected to become more and 
more significant. 
The simulation results for both cases and the measurement data are shown in Fig. 4.6. The 
simulated Q factor for the resonator vibrating in unbounded N2 atmosphere is higher than the 
measured value, since this simulation neglects the squeeze film effect. However, when the 
substrate is included, good agreement between simulation and measurement results is 
observed for the pressure range above 10 mbar. The real resonator was covered by a thin 
piezo-electrode stack to excite and detect the resonance. To simplify the computation, in the 
simulation (as well as analytical solutions in following Sections), the resonator structure is 
assumed as a pure silicon block, the piezo-electrode stack is eliminated by simply increasing 
the silicon membrane thickness, to get a similar spring constant. The discretization error due 
to model mesh was kept at a minimum by a mesh convergence study. The fluid mesh 
independence is checked for convergence by increasing the number of elements in the fluid 
domain and thereby achieving finer mesh density. To ensure convergence, we do several 
simulations until the numerical simulation results are within 5% of the converged value. 
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4.2 Hydrodynamics of micro resonators vibrating in unbounded 
fluids 
The full Navier-Stokes model is widely applicable, practically any geometry can be described 
with it. However, due to the mathematical complexity, such models are computationally 
extensive, relying on sophisticated numerical techniques and software packages. They are 
often non-intuitive and do not easily lead to a physical understand of the results, which limits 
their accessibility and utility in practical applications. In many cases the resonator structures 
are beam-shaped, and the problem can be further simplified. This Section will focus on the 
description of beam-shaped resonators vibrating in unbounded fluids. In addition to 
developing such a model, we systematically investigate the effect of increasing mode numbers 
on the general characteristics of the resonance response, which is relevant to the design and 
operation of micro resonator applications. 
4.2.1 Analysis for micro resonators in the flexural mode 
The dissipation of vibration energy of a micro resonator can occur due to acoustic radiation 
and viscous loss in the surrounding fluid, as well as due to internal structural damping and 
support loss. However, for most micro devices vibrating at relatively low frequency (e.g. 
lower than 100 kHz), viscous drag is typically the dominant loss mechanism at higher 
pressures. Viscous damping models require solution of the Navier-Stokes equation and 
continuity equation for unsteady, incompressible flow [51]: 




∂ + ⋅∇ = − ∇ + Δ∂
u u u u , (4.12) 
 0∇⋅ =u . (4.13) 
The equations cannot be solved in a closed form for the beam-shaped cantilever, but some 
simple geometry could be taken as an approximation of the actual geometry. One popular 
method, first developed by Blom et al. [56], then extended by Kokubun et al. [47, 48] and by 
Hosaka et al. [49, 50], is to represent the beam as a string of spheres, for which the drag force 
can be analytically determined (see Fig. 4.7 (a) sphere string model). Another approach is to 
apply the vibrating solution of a resonating cylinder instead of a string of spheres, which can 
alleviate the issue of incomplete coverage of spheres over the beam structure. This more 
accurate model is proposed by Kirstein et al. [52], and Sader et al. [53] based on the earlier 
work of Tuck [54] (Fig. 4.7 (b) cylinder model). 
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(a) (b) 
Figure 4.7: Simplified model for the beam resonator: (a) sphere string model and (b) cylinder model. 
In most of the models derived based on these approaches, a general assumption is to have a 
flow with a small Reynolds number, Re, which is defined as (compare with Section 1.2.4 in 




wRe ρωη= .  (4.14) 
The physical meaning of the Reynolds number is the ratio of inertial forces to viscous forces. 
Thus it quantifies the relative importance of these two types of forces for given flow 
conditions. The requirement for a small Reynolds number in the models implies that they are 
more accurate for lower resonance frequencies or for smaller resonators. Correspondingly, 
viscous effects in the fluid become increasingly important. 
Sphere string model 
Oscillatory motion of a sphere in an infinite viscous fluid is treated by Landau and Lifshitz 
[51]. The fluid drag force Fd for an oscillatory motion sphere with radius R can be calculated 
straightforwardly from eqs. (4.12 and 4.13), and the fluid drag force is expressed as: 
 2
2 26 1 3 1
9
R R dR R
dt
ηρπη πδ ω δ
⎛ ⎞ ⎛ ⎞= + + +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠d
uF u , (4.15) 
where δ is the boundary layer thickness, defined as ( )2δ η ρω=  (refer to eq. (1.9)). The 
boundary layer corresponds to the penetration depth of the shear waves emanating from the 
oscillating particle. In case δ is much larger than the radius of the sphere, one is in the low-
frequency limit, where the flow is quasi-stationary. Note that, for ω = 0 this becomes Stokes’ 
formula 6 Rπη=dF u . 
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The gas load effect can be characterized from the drag force Fd, with a damping coefficient: 
 6 1sphe
Rc Rπη δ
⎛ ⎞= +⎜ ⎟⎝ ⎠ , (4.16) 




Rk Rπ ω ηρω δ
⎛ ⎞= − +⎜ ⎟⎝ ⎠ , (4.17) 
from the imaginary part of Fd. 
For a slender resonator, the vibrating beam can be modeled as a string of spheres, where the 
diameter of each sphere is approximated to the width of the beam, whereas if the resonator is 
smaller (e.g. in sub-micrometer range) or under reduced pressure, R is a fitting parameter 
[128]. If these spheres vibrate independently of each other, the resulting drag force is the sum 
of the drag forces of the individual spheres. Therefore the result from eq. (4.15) is used as an 
approximation of the fluid drag force for the beam. According to this model, the quality factor 
associated with the gas damping Qflex,sphe is calculated as: 






πη π ρηω= + , (4.18) 
here ρb is the density of the beam material. 
Cylinder model 
Another analytical solution of the Navier-Stokes equation for the oscillation of a cylinder in a 
viscous medium is well known. Sader et al. [53] approximated the damping of a resonating 
cantilever with that of a long cylinder. In Sader’s model, the assumptions are that the length of 
the beam l greatly exceeds the width w, and also the width greatly exceeds the beam thickness 
t. The fluid drag force has the following form: 
 2 2 ˆ( ) ( )
4 flex
w l W xπ ρω ω ω= ΓdF , (4.19) 
where Wˆ  is the Fourier transformation of the cantilever deformation, ( )flex ωΓ , the so called 
“hydrodynamic function’’, is a complex term, and is given by 
 1
0




−Γ = + − ,  (4.20) 
where K0 and K1 are modified Bessel functions of the third kind. The real part ,flex realΓ  
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represents the inertial forces of the fluid, or added mass components; whereas the imaginary 
part ,flex imagΓ  is proportional to the viscous forces of the fluid, or damping components. 
Maali et al. [146] gave an approximation of the hydrodynamic function for cantilevers with 
rectangular cross-section, using curve fitting: 
 2, 1 2 1 2flex real
aa a a
w Re




, 1 2 22flex imag
b bb b
w w ReRe
δ δ⎛ ⎞Γ = + = +⎜ ⎟⎝ ⎠ . (4.22) 
The parameters for an infinitely thin rectangular beam are a1 = 1.0553, a2 = 3.7997, 
b1 = 3.8018, b2 = 2.7364. 
The expression of the resulting damping coefficient is  
 2, ,4flex cyli flex imag
c w lπ ρ ω= Γ , (4.23) 
and the quality factor can be rewritten as: 
 ,
2 1






πη π ρηω= + . (4.24) 
When we look at the inverse quality factor, we can see from eqs. (4.18 and 4.24) that it can be 
separated into two components, with a first part being independent of pressure p (equivalent 
to ρ) and a second part showing a 1 p  dependence for Q. This means that when the first 
part is much bigger than the second, or for small Reynolds numbers (Re < 1, equivalent to low 
pressure, but not molecular regime), the Q factor is only weakly depending on p. When 
pressure rises, the 1 p dependence dominates, then both models lead to a similar trend and 









ρη ρη∝ ∝ . (4.25) 
Despite the mathematical elegance of sphere string model and cylinder mode, the much 
simplified eq. (4.25) shows a general guideline for viscous dissipation dependence. For 
slender structures, viscous drag is typically the dominant loss mechanisms, with a 1 ρη
dependence, which simplifies to 1/ p  for a single gas with a given viscosity. There is also a 
dependence on the square root of the resonant frequency, which can be translated into a 
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dependence on the resonator length l and thickness t according to t3/2/l.  
By comparing the results obtained from the methods mentioned above, we find that the gas 
damping characteristic is proportional to ω . This gives an indication that a higher-order 
resonant mode is usually superior in Q compared to a lower-order mode. However, as 
discussed in [53], the theoretical model is valid provided the mode number is not large, and 
Ref. [146] experimentally demonstrated that the accuracy of eq. (4.24) decreases as the mode 
number increases. The best accuracy is expected for the fundamental mode. Consequently, in 
this Section we restrict our attention to the fundamental mode of vibration. In Section 4.2.5 
the vibration behavior in higher modes will be discussed. 
4.2.2 Comparison between experimental and analytical results for the 
flexural mode 
To validate the accuracy of analytical formulas described in Section 4.2.1, their predicted Q 
factors for different gases under varying pressures are compared to the measurement results, 
which have been presented in Section 3.2.1. The comparison is shown in Fig. 4.8. It can be 
seen that the predictions of the cylinder model show very good agreement with the 
measurement within the range from 101 to 103 mbar, since it rigorously accounts for the true 
geometry of the cantilever without any fitting parameters. The sphere string model does not 
agree so well. The deviations between the models predictions and measurement become larger 
for higher Knudsen numbers (e.g. smaller structures or lower pressures).  
As deduced from eq. (4.25), when Re is bigger than 1, the fluidic damping coefficient is 
expected to obey a linear dependence in ρη . This is experimentally demonstrated in 
Fig. 3.15. Besides, the damping is dependent on the resonator geometry, mainly related to 
t3/2/l, this simple prediction is also verified experimentally, as shown in Fig. 4.9, by comparing 
Q factor of a series of cantilevers and bridges which are numbered as C1-C9 and B1-B3 (refer 
to Tab. 3.2 for detailed geometries), with different geometries vibrating in atmospheric N2 
environment. 
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Figure 4.8: Measured and simulated Q factors versus pressure for the flexural mode of the C6-I cantilever. The 
data points represent the measurement results, the dotted lines (        ) represent the sphere string model 
predictions (eq. (4.18)), while the dashed lines (        ) are the cylinder model predictions (eq. (4.24)). The 
vertical lines represent the pressure where Kn = 0.1, at higher pressure or equally lower Kn, the gas can be 
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Figure 4.9: Q factor dependence on resonator geometries in N2 at atmospheric pressure. 
4.2.3 Analysis for micro resonators in the torsional mode 
Our measurements show that cantilevers show higher quality factors in the torsional mode 
than in flexural ones (refer to Figs. 3.19 and 3.21). In this example, the cantilever with the 
higher-order torsional mode exhibits the best performance, i.e. the highest Q factor, the 
highest mass sensitivity, and the highest sensing resolution. So we now turn our attention to 
the torsional modes of oscillation, the analysis of which follows along analogous lines to that 
presented above for the flexural modes. Due to this similarity, we shall only summarize the 
key results of the analysis here. 
Sphere string model 
For the torsional vibrating case, it is appropriate to model the beam by a string of flat dishes 
[58] or two parallel strings of spheres [147, 148]. By calculating the moment of force on the 
torsional vibrating dishes or spheres, the gas damping force can be derived. Finally the quality 
factor associated with the gas damping Qtors,sphe is calculated as [147, 148]: 






πη π ρηω= + . (4.26) 
Cylinder model 
Similar to Section 4.2.1, an expression for the hydrodynamic function is required for 
calculating the resonance behavior of the system. An analytical expression for the 
hydrodynamic function of a microcantilever with circular cross-section in viscous liquids 




















Re iReK i iRe
−Γ = + −
,  (4.27) 
In [149] an analytical form of the hydrodynamic function in terms of the Reynolds number Re 
is obtained by fitting the numerical results as follows: 
 0.43, 3 4tors real a a Re
−Γ = + ,  (4.28) 
 3 4,tors imag
b b
ReRe
Γ = + .  (4.29) 
The parameters for an infinitely thin rectangular beam are a3 = 0.06, a4 = 0.288, b3 = 0.338, 








πη π ρηω= + .  (4.30) 
Equations in this Section are obtained using incompressible N-S equation for the first 
torsional mode. However, it is reasonable to extend their utility to a higher-torsional mode of 
vibration without introducing a serious error in the analysis. In reality, higher order torsional 
modes are rarely probed in practice. 
4.2.4 Comparison between experimental and analytical results for the 
torsional mode 
Fig. 4.10 shows the measured and analytically predicted Q factors of the two torsional mode 
resonances, as a function of ambient pressure. It can be seen that, on the premise that the 
surrounding pressure is in the viscous regime, the calculations show fairly good agreement 
with the measurement results. 
Both experiments and calculations clearly indicate that torsional modes of a cantilever exhibit 
lower environmental damping in comparison with conventional flexural modes. This view 
point can be visualized by COMSOL simulations in Fig. 4.11, with the illustration of the gas 
flow around the cross section of the cantilever. When the cantilever moves under the flexural 
mode, the gas has to flow out of the whole width of the cantilever. However, for the torsional 
mode, the tuning-fork like anti-phase cantilever movement induces a large part of gas flow 
between the two sides. So the gas does not need to move around the whole cantilever width. 
This causes less gas flow volume tension or compression generated by the cantilever and less 
energy dissipation induced by the gas volume change. All of this contributes to a higher 
quality factor. 
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Figure 4.10: Measured and simulated Q factors versus pressure for the torsional modes of the cantilever. The 
data points represent the measurement results, the dotted lines (        ) represent the sphere string model 
predictions (eq. (4.26)), while the dashed lines (        ) are the cylinder model predictions (eq. (4.30)). The 
vertical line represents the pressure where Kn = 0.1, at higher pressure or equally lower Kn, the gas can be 
considered as in the viscous regime. 
 
(a) (b) 
Figure 4.11: Visualized illustration of simulated pressure distribution around the cantilever cross-section in 
(a) the flexural mode, and (b) the torsional mode. 
4.2.5 Discussion on the influence of the fluid compressibility 
The models mentioned above assume that the gas in which the cantilever is vibrating, is 
incompressible. We could demonstrate a generally good agreement with experimental results. 
It has been also shown that operating the cantilever at higher resonant modes increases the Q 
factor of the device. However, it is found that the Q factor due to gas damping is finally 
decreasing when the resonance frequency is sufficiently high. Recent papers from Van Eysden 
and Sader [61, 62] detailed a model for a cantilever beam oscillating in a compressible fluid. 
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They predict that, as the mode number increases and passes a “coincidence point”, the Q 
factor will finally start to decrease. This is further confirmed by Weiss et al. [63] who 
compared the compressible and incompressible fluid simulation results using a numerical 
method. Jensen and Hegner [64] carried out measurements and found qualitative agreement 
between experimental results and calculations based on the compressible fluid model of Van 
Eysden and Sader. Here we note that higher order torsional modes are rarely probed in 
practice. We therefore restrict our discussion exclusively to the flexural modes. 









lπ ρ= , (4.31) 
where Cn is the nth positive root of 
 1 cos cosh 0n nC C+ = , (4.32) 
and is well approximated by ( )1/ 2nC n π≈ −  for 2n ≥ . 






πλ = ≈ − . (4.33) 












λ ⎛ ⎞= ≈⎜ ⎟ −⎝ ⎠ . (4.34) 
Therefore, as the mode number increases, the acoustic wavelength λa eventually becomes 
comparable to the spatial wavelength of the beam λb, and compressibility can no longer be 
ignored. It is possible that energy can be dissipated by the generation of acoustic waves. 
In order to resolve this issue, exact solutions for the 3D flow field were derived for the 
microcantilever in compressible viscous fluids [61, 62]. In this model, the “hydrodynamic 
function” Γ was obtained by solving a linear system of algebraic equations. Coefficients of 
the linear system were complex and expressed in terms of the Meijer G function [151]. A 
large number of integration steps is required to provide sufficient convergence of the solution. 
Due to the complication of this solution, here we seek another compact method to explain the 
compressible fluid damping. When acoustic radiation is the dominant loss, it can be modeled 
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∂∇ + =∂ .  (4.35) 
By approximating the rectangular cross-section with an elliptical cross-section, Blake [152] 
has obtained an approximation expression for the acoustic losses. The quality factor 









σ ρ= , (4.36) 
σr is a parameter known as the radiation efficiency, defined as the ratio of the average acoustic 
power radiated per unit area of the vibrating structure to the acoustic power radiated per unit 
area of a circular piston vibrating uniformly [153]. It increases from infinitesimal to 1 until 
the spatial wavelength of the beam λb exceeds the acoustic wavelength in the fluid λa. 
To demonstrate how the resistance of a surrounding fluid and the damping due to the radiation 
of pressure waves affect the vibration behavior of a cantilever, quality factors of up to the 4th 
flexural modes of the beam are characterized and compared when vibrating in different gases. 
As the compressible effect can be observed only at high pressure, the Q factors at atmospheric 
pressure are selected and illustrated in Fig. 4.12. 
 
Figure 4.12: Quality factors due to gas damping of the resonance frequency and mode number. The data points 
are derived from the measurements after subtracting intrinsic damping, the solid lines are calculations based on 
the incompressible gas assumption (eq. (4.23)), while the dash-dotted lines are the acoustic wave model 
predictions (eq. (4.36)). 
It is clear that the quality factor decreases after reaching the “coincident point”, which agrees 
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qualitatively with the predictions of the compressible fluid model. In conclusion it was 
observed that there is at least qualitative agreement with the compressible fluid model for 
practical microcantilevers. The compressible fluid model should be considered when planning 
experiments involving the use of higher resonant modes of microcantilevers in normal 
atmosphere. 
4.3 Hydrodynamics of micro resonators vibrating close to a 
surface 
The traditional squeeze film models deal with resonators vibrating very close to a surface or 
the plate dimensions are much larger than the film thickness (which is often called “narrow 
gap” assumption). However, in many practical devices, this narrow gap assumption does not 
always hold. In this Section we will focus on those that deal with moderate gap sizes. Three 
recently improved theories, namely (a) the extended squeeze film model, (b) the unsteady 
Navier-Stokes model and (c) a thermo-mechanical resonance model, as well as the COMSOL 
simulations are considered for describing the behavior of the resonators and they are 
compared with experiment results. 
4.3.1 Mathematical models for micro resonators vibrating close to a 
surface 
Extended squeeze film model 
For the application of fluid lubrication, Osborne Reynolds first formulated the theory for a 
fluid film between two surfaces in relative motion to each other more than a century ago [66]. 
For normal motion of parallel plates with small displacement, the fluid motion is governed by 
the compressible Reynolds equation, which can be linearized as [67]: 
 
2 2
2 2 2 3
0 0
12 12p p p p hp
x y h t h t
η η⎛ ⎞∂ ∂ ∂ ∂+ − =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠   (4.37) 
Generally, the compressibility should be considered in modeling squeezed-film dampers. The 
importance of the compressibility increases when the oscillation frequency increases. An 







η ωσ = . (4.38) 
The squeeze number specifies the ratio between the spring force due to the gas 
compressibility, and the force due to the viscous flow. When σ is much smaller than 1, the gas 
in the film has enough time to “leak” out, thus, the gas is referred to as incompressible. For 
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the damper topologies in this study, the damper width w and the gap height h0 are of the same 
order of magnitude, let us say w/h0 < 10. For air at atmospheric pressures the resonance 
frequency should be higher than 700 kHz to ensure the squeeze number σ is bigger than 1. 







x y h t
η∂ ∂ ∂+ =∂ ∂ ∂ . (4.39) 
The solution to this Reynolds equation for incompressible gases, eq. (4.39), is usually given in 
complicated series. There are many forms of solution in the literature. The common 






η β= , (4.40) 
where ( )w lβ  is the geometrical correction factor. This factor for a square plate is 0.4217, 








η= . (4.41) 
Griffin et al. [68] verified the analytical results by experiments at low frequency. They found 
that the agreement is very good when the gap distance is smaller than the plate dimensions by 
more than a factor of 10. 
In order to include border effects into the analytically model, an effective plate length 
effl l l= + Δ  and an effective plate width effw w w= + Δ  are introduced. The values of the 
effective length and width are such that the coefficient of damping force for the enlarged plate 
with trivial boundary conditions has the same values as the coefficient of damping force of the 
real device size with the border effects, this concept is illustrated in Fig. 4.13. 
 
Figure 4.13: Schematic diagram of extended squeeze film model. 
One method to predict the elongation caused by the border effect on parallel surfaces was 
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proposed by Veijola et al. [77, 78]. A series of two dimensional and three-dimensional FEM 
simulations were performed and, based on the results, approximations for the elongations 
were extracted. Veijola et al. obtained a very simple conclusion for a slender beam: 
 01.3w hΔ = . (4.42) 
The damping coefficient due to the fluid in the gap is 







η += . (4.43) 








η= + . (4.44) 
Effective fluid viscosity ηeff (cf. eq. (3.6)) can be used instead of dynamic viscosity η, to 
account for the non-continuum fluid behavior at very low pressures or for a very narrow gap. 
Unsteady Navier-Stokes model 
Another method to deal with moderate gaps can be based on some form of the Navier-Stokes 
equations. For a beam undergoing normal oscillations in a viscous fluid, the general form of 
the hydrodynamic force in the vibration direction is given in eq. (4.19). Results for h0/w՜∞ 
are identical to those obtained in Section 4.2.1. For the imaginary component ,squ imagΓ , the low 









⎛ ⎞Γ = ⎜ ⎟⎝ ⎠
. (4.45) 
Note that this result is consistent with that from the incompressible Reynolds equation. The 
hydrodynamic functions for micro beams vibrating close to a surface have been derived in [79, 
80]. They depend on the ratio of the gap to the width of the micro beam and, unfortunately, in 
those references there is no unique expression for all gap-to-width ratios. In later work of 
Tung et al. [81], semi-analytical formulas for the calculation of the two-dimensional 
hydrodynamic function are obtained by using data fitting from the numerical solution. The 
two-dimensional hydrodynamic function is represented as ( ),squ Re HΓ , where H is the 
nondimensional gap height, defined as 02H h w= . The general form of the semi-analytical 
formula for the hydrodynamic function is ( ), 10 Lsqu Re H ΓΓ =  where 
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, (4.46) 
( )10logLH H= , and ( )10logLRe Re= . The coefficients ak, k = 1, 2, ..., 16, have complex 
values. They are tabulated in Tung et al.’s paper. The fit is valid in the range of 









πρ= Γ . (4.47) 
The calculations are technically valid only when the continuum hypothesis holds. This is 
because the theory is based upon a subset of the Navier-Stokes equations, which are based on 
a continuum assumption. The useful range of this semianalytical expression can be extended 
beyond the continuum regime and into the slip and transition regimes by using an effective 
viscosity concept. 
Thermo-mechanical resonance model 
To deal with the large gap problem, Schwarz et al. [82] proposed a novel concept on 
analyzing and interpreting the measured quality factor curves. A qualitative and quantitative 
replication of the quality factor curves can be achieved by the combination of different 
damping mechanisms, e.g. intrinsic damping, molecular gas damping, viscous damping and 
the so called “dynamic” damping, squeeze film damping is only significant for very small 
gaps. The weighting of individual quality components has been achieved by multiplying a 
fitting parameter ξ. 
Qint: The intrinsic quality factor Qint is determined exclusively by the resonator solid and is 
constant over the entire pressure range. 
 int intQ ξ= . (4.48) 
Qmol: The quality factor due to molecular gas damping Qmol prevails in the low pressure 
regime for Knudsen numbers Kn ب 1. It is inversely proportional to the ambient pressure by: 
 mol molQ pξ= . (4.49) 
Qvis: The viscous quality factor Qvis, due to Stokes friction, is related to the pressure and 
reflected in the double logarithmic representation by a straight line of slope -0.5. It is effective 
above about 10 mbar, corresponding to Knudsen numbers Kn ا 1 therefore results in the 
description: 
 vis visQ pξ= . (4.50) 
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Qdyn: To interpret the damping mechanism in the transition region between molecular and 
viscous flow, a new model was developed. It transfers the calculation of thermoelastic 
damping in solids to the dynamic damping in gases, accounting for the thermal energy flow. 











ξ += , (4.51) 
with the resonance frequency fr of the resonator and a fitting factor dynξ . The thermal 
















ε ε⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
. (4.53) 
The pressure-dependent parameter ap is 19.22ൈ10-6 m2/s for N2 gas when pressure p is 
1000 mbar. More flexibility could be achieved by extending the root component εdyn from 
0.41 to 0.64 for individual cases. 
From eq. (4.51) it can be seen that Qdyn has a minimum at a critical position, the position is 
determined by the coincidence of the mechanical resonance frequency of the resonator with 
the thermal frequency response of the gas. At this coincidence, a maximum of energy is 
extracted from the system, thus leading to the locally lowest quality factor. 
4.3.2 Comparison between experimental, analytical and simulated results 
Comparisons of the predictions from squeeze film, extended squeeze film and unsteady N-S 
models with the experimental data, as well as the COMSOL FSI simulations, were performed 
first. The resonator structure and its measurement results have been presented in Section 3.3. 
Fig. 4.14 shows the results for the 1st bending mode of the B2 bridge resonator oscillating in 
atmospheric N2 environment at room temperature, and at various gap heights. In comparing 
with the experimental data, some care must be taken to remove the intrinsic damping of the 
resonator. The intrinsic damping in the experimental data was obtained by operating the 
resonator in HV, this damping was subsequently removed from the experimental data 
mathematically, leaving only the damping due to the fluid to be analyzed. 
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Figure 4.14: Plot showing the quality factors due to gas damping of the B2 bridge resonator in the fundamental 
mode in atmospheric N2. The squares represent the measured Q factor due to gas damping, which are derived 
from the measurements after subtracting intrinsic damping, while the crosses are the predictions based on the 
COMSOL simulation. The dashed lines represent the analytical/semianalytical calculations, and the solid line 
shows the viscous model prediction, which is the limit for a structure without gap. 
It is evident from this comparison that decreasing gap height h0 results in a corresponding 
decrease in the quality factor. This decrease is quite dramatic for h0 < 50 μm, as expected 
from squeeze film theory that the dissipation in the fluid varies as h0-3. When h0 increases 
further, the classic squeeze film theory begins to underestimate the fluidic dissipation, while 
the calculations from the extended squeeze film model still exhibit a good fit to experiments 
as far as h0 = 100 μm, since it accounts for the “leaked” gas effect outside the borderline. The 
quality factors derived from unsteady N-S model agree well with the COMSOL simulations, 
since the former is obtained by using date fitting from the numerical solution of N-S 
equations. Both the models are in close agreement with the experimental results. 
Fig. 4.15 compares theoretical and experimental squeeze film quality factors of the B2 bridge 
resonator with different gaps over a range of ambient pressures. The experimentally measured 
quality factor at each ambient pressure is plotted with a solid diamond-shaped point. Both 
Reynolds equation and Navier-Stokes equation are based on a continuum assumption (Kn ൑ 
0.1). In order to obtain effectiveness of the equations for squeeze film damping in a rarefied 
gas, the “coefficient of viscosity” η is replaced by an “effective” viscosity ηeff, which is 
dependent on the pressure via Knudsen number, cf. eq. (3.6). Such models that use the 
concept of an effective viscosity are expected to predict the gas damping even into the free 
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will be examined in the following. 
The traditional squeeze film damping model underestimates the damping (overestimates Q 
factor) and the divergence increases rapidly as the gap height increases. In contrast, the 
extended squeeze film model predicts well the squeeze film gas damping up to gaps of 50 µm. 
Beyond this point some moderate deviation occurs. This model accurately predicts the gas 
damping well into the free molecular regime, indicating the “effective viscosity” concept is 
reasonable to account the rarefaction effect of the gas in a narrow gap.  
The semi-analytical predictions from the unsteady N-S model are in better agreement with the 
experimental results as compared to the other two models. Three observations can be 
concluded from the comparisons: 1) for very narrow gap, e.g. 20 µm, the N-S equation 
predictions are as good as those from Reynolds equation at full pressure range; 2) for 
moderate to large gaps and at high pressure ranges, the calculations from the N-S equation fit 
well with the measurements; and 3) the disagreement tends to be maximum for bigger gaps 
and lower pressures, indicating the effective viscosity concept is not appropriate in that case. 
The viscous model is also compared in Fig. 4.15 g), in the viscous regime, the viscous model 
fits well with the measurements, but when the pressure decreases into the transition regime, 
this model loses its validity. 
It is apparent that the presence of a wall can affect the behavior of the dissipative loading as 
Re՜0 even at large separations. In this case, the concept of effective viscosity would become 
questionable, and the flow models based on continuum flow is no more valid. For Kn ب 1, i.e. 
the gap distance is much smaller than the mean free path of the gas molecules, a free 
molecular model can be considered. But in the slip regime (0.1 < Kn < 10), to our best 
knowledge, a compact and universal solution does not yet exist. Schwarz’s [82] proposal is 
developed to explain the gas damping behavior in this case and the proposal will be examined 
next. 
  




(g) Figure 4.15: Measured and simulated Q factors versus 
pressure for the B2 bridge resonator vibrating in N2 
close to a surface. The data points represent the 
measurement results, the dotted lines (      ) represent 
the squeeze film model predictions (eq. (4.41)), the 
dashed lines (       ,       ) are the extended squeeze film 
and unsteady N-S models predictions (eqs. (4.44 and 
4.47)), the viscous model (eq. (4.24)) is also shown 
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(a) 150 µm (b) 200 µm 
(c) 250 µm (d) 300 µm 
Figure 4.16: Qualitative approximation of the Q factors for the bridge resonator vibrating close to a surface with 
different gap sizes in N2 environment. 
h0 ξint ξmol ξvis ξdyn εdyn
µm - mbar mbar - - 
150 6999 4000 21000 2200 0.64
200 5690 3000 23000 3300 0.6 
250 6082 3000 25000 4200 0.6 
300 7387 3000 25000 5200 0.6 
Table 4.1: Overview of the determined adjustment factors ξ from the replica of the quality curves for the 
different gap heights h0 in Fig. 4.16. 
The pressure dependent measured curves were fitted based on a quantitative superposition of 
quality factor components based on different physical damping effects. The weighting of 
individual quality factor components was achieved by multiplying the respective pressure 
dependence function with adjustment factors. Tab. 4.1 lists the adjustment factors ξ of 
individual quality factor components. These were determined with the objective of the best 
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could be reproduced with very good agreement to the experimental values.  
A systematic review of the quality curves of the resonator for the measured gap distances h0 = 
150, 200, 250 and 300 µm are presented in Fig. 4.16. The quality in the high vacuum regime 
is determined solely by the intrinsic quality factor Qint. In this regime the gas damping can be 
negligible. As the pressure increases, the gas molecular density increases and the damping due 
to free molecular gas flow will reach a value that is in the same order as the intrinsic damping 
of the solid structure. For the regime p ൑ 1 mbar (Kn ൒ 1) it can be described solely by these 
two components. For small Knudsen numbers, corresponding to higher pressures, the gas 
damping model determined by free molecular flow loses its validity. Qdyn is used to account 
for the gas damping in the transition regime p ൎ 1 mbar to 10 mbar. Very importantly, the 
location of minimum Qdyn obtained by the thermal resonance frequency f0,dyn (eq. (4.52)), is 
determined and verified. At higher pressure, e.g. p ൐ 100 mbar, the quality factor shows a 
1 ap  proportionality to the pressure, depicting in this regime Qvis dominates. While at 
intermediate pressure region (0.01 < Kn < 0.1), the measured Q factor curves can be better 
fitted by the interaction of Qint, Qvis and Qdyn. 
It can be seen that Qdyn is a function of the ambient pressures p and has a distinct minimum, 
the position is determined by the coincidence of the mechanical resonance frequency of the 
oscillator with the thermal frequency response of the gas. The impact area is located in the 
transition zone of the molecular to viscous flow above about 0.3 mbar up to 100 mbar, 
approximately. 
4.3.3 Discussion 
Overall, the traditional squeeze film model can be used to predict the gas damping for narrow 
gaps, e.g. the ratio of the resonator width to gap height w/h0 is bigger than 10. By using the 
“effective viscosity” concept, the model can also be used to account for the rarefaction effect 
of the gas in a narrow gap. By taking boundary effects into account the extended squeeze film 
model is valid for w/h0 ൒ 4. When the gap height is even bigger, predictions of the semi-
analytical formulas from the unsteady N-S model should be used. The results from this model 
are in close agreement with those based on fully three-dimensional FSI simulations and with 
the experimental measurements in the viscous regime. For the measurements in lower 
pressure at large separations, a newly developed thermo-mechanical resonance model is used 
to interpret the results. This model transfers the calculation of thermoelastic damping in solids 
to the dynamic damping in gases, accounting for the thermal energy flow. 
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Moreover, the quality factors generally increase with increasing gap height and resonant mode. 
As shown in Fig. 3.28 in the last Chapter, although the intrinsic quality factor in the 3rd mode 
is lower than the 1st mode, 2000 compare to almost 8000, the quality factors in atmospheric 
pressure increased from 20 to 146 and from 156 to 477 at 20 μm gap and 50 μm gap, 
respectively. This result can be explained as follows. When the resonator vibrates in a 
particular mode, a boundary layer is set up around the beam. The boundary layer thickness is 
known to be 2η ρω . When the gap between the resonator beam and the surface becomes 
comparable to the boundary layer thickness, the squeeze film effects start to emerge. Because 
higher modes have higher frequencies, they generate a thinner boundary layer around the 
beam. Consequently, a resonator oscillating in its higher mode can experience much less 
fluidic damping due to squeeze film effect. 
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 5. Analysis of intrinsic damping in piezoelectric micro 
resonators 
When a resonator is operated in high vacuum, external fluidic damping as discussed in 
previous Chapters becomes negligible. In this case, energy dissipation inside the materials of 
the resonator (so-called intrinsic damping) becomes dominant. Intrinsic damping is induced 
by numerous physical and/or chemical processes. Sources of dissipation generally include 
thermoelastic damping (TED), anchor losses, thin film coating losses and others. The different 
kinds of intrinsic damping mechanisms contribute to the overall damping of a resonator. It is 
not easy to exactly identify which one is more dominant than the others, and many of them 
still need further investigation. 
In this Chapter we focus on three major damping effects on piezoelectric micro resonators, 
which are TED, anchor loss and coating loss. Since the different dissipation mechanisms 
generally appear mixed with each other, it is difficult to explore individual ones 
experimentally. Hence, in the first Section of this investigation, we employ both analytical 
and numerical methods to predict TED for different geometries and resonant modes of 
cantilevers. In the second Section the anchor loss is systematically studied; available 
analytical solutions are reviewed and compared with numerical simulations. The third Section 
focuses on the damping effect of the piezo-electrode stack deposited on the cantilevers. 
Finally, a series of experimental validations are conducted on different structures of 
piezoelectric cantilevers, showing that the analysis in this Chapter can yield a qualitative 
match with measurements. 
5.1 Thermoelastic damping (TED) 
TED has been identified as an important loss mechanism in numerous high Q micro 
resonators. A mechanical expansion in a solid lowers the temperature and a compression 
raises the temperature. The key process of TED is that energy is dissipated through the 
irreversible flow of heat from hot to cold regions of the solid. When the vibration frequency is 
much lower than the heat relaxation rate, the solid is always in thermal equilibrium and the 
vibrations are isothermal. On the other hand, when the vibration frequency is much higher 
than the heat relaxation rate, the system has no time to relax and the vibrations are adiabatic. 
Hence, when the vibration frequency is of the order of the relaxation rate, the energy loss due 
to TED becomes considerable. 
In this work, both the analytical model from Zener [83, 84] and numerical simulations using 
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COMSOL are reviewed and compared. For piezoelectric cantilevers, there is a piezo-electrode 
stack coated on the silicon beam. Furthermore, cantilevers can be operated in higher resonant 
modes. From the view point of piezoelectric resonator applications, the concerns about the 
piezo-electrode stack and higher resonance mode effects are addressed in this part of research. 
5.1.1 Analytical model for TED 
In the original papers by Zener [83, 84], the phenomenon of TED was analyzed for a one 
dimensional case, specifically in a cantilever beam. Zener calculated the temperature field 
developed in the cantilever due to the periodic strain field for a one dimensional system. 
Using the temperature field, he calculated the bending moment caused by the temperature 
gradient in the cantilever. Finally, the quality factor of a flexural vibrating cantilever limited 













+= , (5.1) 
herein Tα  and E are linear thermal expansion and elasticity modulus of the cantilever 
material, and F0 is the thermal relaxation frequency, defined as 20 2 b pF C tπκ ρ= . QTED has a 
minimum at f = F0, where the heat energy generated from the material internal friction 
dissipates completely, this agrees with the previous qualitative explanation. 
5.1.2 Numerical simulation for TED 
The analytical approximation can be used for the TED prediction. However there are still 
some concerns. Firstly, for resonators with complicated geometries, the analytical 
approximation may not give a good TED prediction; secondly, if the resonator is composed of 
different materials, i.e. the resonator is covered by metal electrode layers, the approximation 
does not includes such effects; thirdly, higher resonant modes, such as torsional mode and 
longitudinal mode, may also experience TED if there is a local volume change when 
deformed. Such effects can only be included by a numerical simulation for TED analysis. We 
used the software package COMSOL as platform to carry out the TED simulation by 
calculating the eigenfrequency of the system. One example for the TED simulation of a 
cantilever is shown in Fig. 5.1. The figure shows the cantilever deformation and the 
corresponding temperature distribution under the first resonant mode. 
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Figure 5.1: Fundamental mode shape and corresponding temperature distribution within a cantilever. 
5.1.3 Comparison between analytical and simulated results 
The resonators were made of single crystal silicon, which is an anisotropic material. Since the 
models shown above both are based on the assumption of isotropic materials, we can use the 
material properties of single crystal silicon along the <100> orientation for the model. Since 
the boundary planes of the fabricated beam resonators are all [100], this material property 
approximation does not lead to a big error. The relevant properties of silicon as well as of 
other materials used in this work are listed in Tab. 5.1. 
The simulation is carried out for different resonance frequencies corresponding to the 
different lengths of the cantilever. The beams are fixed to be 100 µm wide and 20 µm thick, 
while the length is varied from 50 µm to 2000 µm. The fundamental mode frequency is 
inversely proportional to the beam length square in this experiment. The calculated quality 
factors from the finite element model were compared to those from the analytical expression 
of Zener (eq. (5.1)) for Si beams with identical geometry, omitting the deposited layers. 
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Property Material Symbol Value 
Density (kg/m3) 
Si [100] ρsi 2330 
AlN ρAlN 3300 
Au ρAu 19300 
Young’s modulus (Pa) 
Si [100] Esi 1.7ൈ1011 
AlN EAlN 3.4ൈ1011 
Au EAu 7.0ൈ1010 
Poisson’s ratio 
Si [100] υsi 0.28 
AlN υAlN 0.3 
Au υAu 0.44 
Thermal expansion coefficient (K-1)
Si [100] αSi 2.6ൈ10-6 
AlN αAlN 2.6ൈ10-6 
Au αAu 1.4ൈ10-5 
Heat capacity at constant pressure 
(J/(kg K)) 
Si [100] Cpsi 700 
AlN CpAlN 819.7 
Au CpAu 129 
Thermal conductivity (W/(m K)) 
Si [100] κsi 130 
AlN κAlN 30.1 
Au κAu 317 
Environmental temperature (K)  T 300 
Table 5.1: Properties of the materials used in the analytical calculation and COMSOL simulation. The values are 
obtained from the material database of COMSOL software. 
Qualitatively, Fig. 5.2 shows that the finite element model is in reasonable agreement with the 
analytical expression; it displays the same high frequency and low frequency dependence, as 
well as Q factor magnitude. However, the analytical calculations are not in quantitative 
agreement with the simulations. It can be seen that there is an increasingly large discrepancy 
between them at smaller beam lengths. The fundamental assumption in Zener’s calculation is 
that the heat transfer occurs only in the transverse direction, while the thermal gradient in the 
longitudinal direction is simply omitted. The various contributions to the discrepancy between 
the calculations may be thought as contributing to this assumption. 
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Figure 5.2: Comparison of Zener’s analytical model (solid line) and COMSOL simulation (‘x’ marks) for TED. 
The width and thickness of the cantilever is held fixed at 100 µm and 20 µm, the length is varied from 50 µm to 
2000 µm. Since the frequency is inversely proportional to length squared, the shorter length corresponds to 
higher frequency. 
Furthermore, we check the effect of resonant mode and thin film coating on TED here. A 
piezoelectric cantilever, with dimensions 800 µm long, 100 µm wide and 20 µm thick, is used 
in this research. There is a piezo-electrode stack (1 µm thick AlN film and 300 nm thick Au 
film) coated on the clamped end of the cantilever with a cover percentage of 20%. This 
cantilever is simulated up to the 7th resonant mode and the simulation results are shown in 
Fig. 5.3. For comparison, the TED results from both Zener’s equation and COMSOL 
simulation for a pure silicon cantilever with the same size are also presented. For this 
cantilever in flexural modes, the critical frequency F0 is calculated to be 313 kHz, which is 
very close to the resonance frequency of the 2nd flexural mode, thus leading to a minimum of 
Q factor. TED is very weak for purely torsional resonators as the deformation is nearly 
isochoric. TED analysis for the lateral mode is similar to the flexural mode since the 
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Figure 5.3: TED for higher modes of a micro cantilever with dimensions 800ൈ100ൈ20 µm. The solid line is 
Zener’s calculation, the ‘x’ marks represent COMSOL simulations for the flexural modes of the pure silicon 
beam. The simulation results for torsional and lateral modes are represented by solid square and triangle points. 
For comparison, the flexural mode TED of the beam covered by 20% piezo-electrode stack are also simulated 
and shown by the ‘o’ marks. 
(a) (b) 
(c) (d) 
Figure 5.4: Temperature variation of the cantilever beam (a) without the piezo-electrode stack under the first 
flexural mode, (b) with the stack under the first flexural mode, (c) without the stack under the fifth flexural mode 
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The influence of the piezo-electrode stack is also investigated. From Fig. 5.3 it can be seen 
that the presence of the stack covering 20% of the cantilever decreases the quality factor 
mainly in the first mode. Fig. 5.4 compares the temperature increment magnitude distributions 
corresponding to different bending modes of the resonator beam with and without stack, 
respectively. For the first mode, the stack modifies the temperature distribution on the surface 
of the beam, creating a temperature gradient mainly through the stack so that the quality 
factor decreases significantly. When the flexural mode number increases, the stack’s influence 
on the temperature gradient decreases, since the resonator is only partially covered by the 
stack. 
5.1.4 Conclusion 
In this work we used the numerical simulation as a validation tool to check the validity for 
Zener’s analytical model for TED. We compared the simulation results for cantilevers with 
different lengths or alternatively different resonance frequencies. It has been shown that the 
analytical model is not generally sufficient for studying real complex 3-D structures due to 
inherent restrictive assumptions. Furthermore, for piezoelectric resonators, the analysis shows 
that the piezo-electrode stack plays an important role in the quality factor. 
5.2 Anchor losses 
For MEMS devices vibrating in a HV environment, the second source of dissipation is due to 
the energy loss from the vibrating beams through their supporting structure. As the beam 
vibrates, it causes the supporting structure to deform slightly, thereby leading to the 
generation and propagation of elastic stress waves from the resonator to the surrounding 
material. Typically, the larger part of this energy flow is not reflected back into the cantilever 
[154]. Therefore, this mechanism is generally recognized as a source of dissipation, usually 
referred to as anchor loss, support loss or clamping loss. 
The objective of this Section is to review and compare different analytical anchor loss models 
from the literature [93-98] and from numerical simulation, thus gain an improved 
understanding of the factors that influence anchor losses. General strategies to minimize 
anchor losses are also discussed in this Section. 
5.2.1 Analytical models for anchor losses 
To predict anchor loss analytically, the coupled resonator-support system must be considered 
in order to understand the interaction and energy transmission between them. The support is 
often assumed to be semi-infinite. Fig. 5.5 schematically shows three typical simplifications 
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Figure 5.5: Schematic view of cantilever resonators connected to their support structures: (a) a cantilever 
attached to a semi-infinite support, the thickness is assumed to be infinite (2D assumption), (b) a cantilever 
attached to a support of finite thickness ts, while lateral dimensions are assumed to be semi-infinite, and (c) a 
cantilever attached to a support that has semi-infinite space. 
In 1968, Jimbo and Itao [93] derived an expression for the energy loss of a cantilever with an 
infinite thickness (a 2D assumption) and with the cantilever support considered as a semi-
infinite large elastic body (refer to Fig. 5.5 (a)). Based on their fundamental work, several 
researchers derived the damping due to elastic energy radiation to the support as being 
proportional to the cube of the thickness to length ratio (t/l)3. Hence, the quality factor Qanchor 






⎛ ⎞= ⎜ ⎟⎝ ⎠ , (5.2) 
where k is a coefficient calculated as k = 0.34 [155], 2.081 [93] or 2.17 [94]. 
In practice, the support usually does not have the exact shape assumed in the 2D theoretical 
derivations. Judge et al. [97, 98] studied analytically the case of a 3D cantilever beam 
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attached either to a semi-infinite plate of finite thickness or to a semi-infinite space, by using 
beam theory and 3D elasticity theory. The closed-form expression for the quality factor in 








= .  (5.3) 
While for resonators attached to a semi-infinite space, the quality factor is approximated as 






⎛ ⎞= ⎜ ⎟⎝ ⎠ . (5.4) 
However, all these approaches contain simplifying assumptions which are generally difficult 
to quantify. The semi-infinite assumption is usually not realistic for practical MEMS devices. 
This is because the supporting structure often has dimensions of a similar order to the 
dimensions of the resonator itself. Furthermore, even under such assumptions, the analytical 
results also differ substantially from each other since the functional dependence of quality 
factors on geometrical features is completely different. E.g. in the simplest case of a cantilever 
beam of length l and square cross section of side t resting on a semi-infinite space, the quality 
factor is proportional to (l/t)3 in 2D and to (l/t)5 in 3D. It is reasonable to derive that the 
scaling may change for more realistic geometries of micromachined cantilevers. So detailed 
numerical analysis is required to estimate anchor losses. 
5.2.2 Numerical simulation for anchor losses 
The commercial FE package CoventorWare [156] is used here to simulate anchor losses for 
resonators. The solver in the software includes a so called “QuietBoundary” boundary 
condition (BC), which assumes the boundary to extend to infinity. This can be applied to 
predict how much elastic (vibrational) energy is dissipated via the anchor to the supporting 
structure. 
One example silicon chip used in this research consists of a silicon frame and a beam attached 
to the frame at one end. The mesh model and dimensions are shown in Fig. 5.6; the cantilever 
thickness, which is not shown in the figure, is 20 µm. Since the resonator chip is glued on a 
PCB package, it is assumed that elastic waves propagate to infinity from the bottom of the 
chip. Thus a “QuietBoundary” BC is applied to the bottom face. In CoventorWare, the 
“QuietBoundary” BC is only supported for isotropic elastic material and can only be applied 
to meshes with linear elements. Linear Manhattan bricks are used to mesh the silicon chip 
model. In order to meet the requirement in the model for isotropic material, we use the 
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material properties of single crystal silicon along the <100> orientation for the model, the 
properties used in this work are listed in Tab. 5.1 shown earlier. 
 
Figure 5.6: Geometry of the silicon chip and the meshed model. 
(a) Q = 9709 (b) Q = 1.8ൈ105 
(c) Q = 2439 (d) Q = 5.2ൈ107 
Figure 5.7: 3D illustration of energy dissipation for the cantilever vibrating in the first flexural mode through 
different substrates: (a) chip frame, (b) semi-infinite plate (corresponds to Fig.5.5 (a)), (c) semi-infinite plate 
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Fig. 5.7 (a) shows the computed energy dissipation in the silicon chip for the cantilever 
vibrating in the first flexural mode. It can be seen that the bending motion of the beam 
generates and pumps elastic acoustic waves into the frame, where they carry away the energy 
of the resonance. The simulation result for the Q factor is 9709. Moreover, the analysis of Q 
factors of the cantilever beam resting on different semi-infinite support structures has also 
been performed, as shown in Figs. 5.7 (b)-(d), which correspond to the support structures 
schematically shown in Figs. 5.5 (a)-(c). One basic assumption in the analytical models is that 
the support structure is semi-infinite. To meet this assumption in the simulations, the substrate 
size is set as large as the acoustic wavelength in the substrate at the frequency of interest. 
Numerical studies suggest that when the substrate size is of the order of one wavelength, an 
error of 5-10% is obtained, while larger substrates do not yield significantly higher accuracy. 
In this figure, it can be seen that, even under this assumption, the calculated Q factors for the 
same cantilever with different support geometries are completely different by orders of 
magnitude, varying from 2439 to 5.2ൈ107. 
5.2.3 Comparison between analytical and simulated results 
Cantilever beams vibrating in the fundamental mode are studied to compare and validate the 
different analytical models. The beam width and thickness are fixed as 100 µm and 20 µm, 
the Q factor is plotted as a function of the length of the beam in Fig. 5.8. To meet the semi-
infinite substrate assumption in the analytical models, the substrate size is set as large as one 
acoustic wavelength for each case except for the realistic chip where the substrate size is kept 
constant at the values shown in Fig. 5.6. 
It is shown that the simulations are in reasonable agreements with different analytical models 
under specific supporting substrate simplifications. It is important to note that, even under 
simplified support assumptions, the dependence of quality factors on geometrical features is 
completely different. Moreover, the semi-infinite support assumption is usually not realistic 
for practical MEMS devices. Cantilevers with chip support structure as shown in Fig. 5.6 are 
simulated and the results are also presented in Fig. 5.8. The support boundaries have an 
important effect on the motion of the resonator-support structure and thus on the energy 
dissipation. Hence, for more realistic geometries of micromachined cantilevers, numerical 
techniques for the prediction of anchor losses are required. 
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Figure 5.8: Comparison of Q factors resulting from anchor losses calculated using the three different analytical 
models (solid lines) and corresponding CoventorWare simulation (depicted by marks) under the same boundary 
assumptions. The width and thickness of the cantilevers are held fixed as 100 µm and 20 µm, the lengths are 
varied from 100 µm to 1000 µm. For anchor losses in the realistic chips (red ‘x’ marks), there is no available 
analytical model. 
5.2.4 Discussion 
We have compared the anchor loss of a cantilever attached to different support geometries and 
have found that the results may differ by orders of magnitude. Basically longer and/or thinner 
beams as well as larger supporting substrates exhibit lower anchor losses. Alternatively, more 
sophisticated designs can be employed by the assistance of a numerical simulation tool. 
Careful design of the resonator and its attachment to the support can reduce anchor losses by 
reducing motion of the attachment point, thereby reducing the coupling between the resonator 
and the surrounding material [157]. Such systems may involve a mounting mechanism, which 
isolates shear and moment reactions from the support [158, 159], or the introduction of 
blocking masses to reduce the vibration transmitted to the boundaries [160]. Besides, some 
preliminary experiments have shown that by placing anchors at nodal points, anchor losses 
can be minimized [161]. Thus, designing resonators to have a symmetric mode shape and 
placing anchor points at the nodes can reduce anchor losses. 
5.3 Damping by thin film coating 
Nevertheless, neither TED nor anchor losses can account alone for the measured dissipation 
of piezo-transduced resonators. There is experimental evidence that other effects should be 
included. For example, the calculated Q factors, which include TED and anchor losses, were 











Analysis of intrinsic damping in piezoelectric micro resonators 101
3088, 7062 and 28066 for C6-type cantilevers with different thicknesses of 57, 37 and 22 µm. 
However, the Q factors were measured as 3408, 3811 and 6897, respectively under HV 
conditions. The difference between measured and calculated Q factors increases when 
decreasing the cantilever thickness. This indicates that unforeseen energy dissipation exists in 
thin cantilevers. As another example, a capacitive plate resonator [73], with similar design as 
that shown in Section 4.1, has demonstrated a much higher Q factor for the first flexural mode 
(Q ൎ 40000 compared to 6284), which can approach the fundamental limits of dissipation 
established by TED and anchor losses. Since there is no AlN or Au thin film sputtered on the 
beam surface of this capacitive counterpart, the most likely reason for the low Q factor of 
piezo-transduced resonators is the effect of these coating films. 
Understanding how the coating film changes the overall damping characteristics is helpful for 
the Q factor predictions for a micro thin film coated resonator. In most previous literature 
[103, 104] where the coating effects were investigated, the resonators were full covered by 
coating films and the research interests were focused on the coating thickness effect on the 
resonators. In this work, a series of cantilevers which were covered by the coating in 20-100% 
coverage of the beam length were measured. In this way the damping effect of the thin film 
coating pattern can be explored in a more detailed way. 
5.3.1 Experiments 
In order to observe the effect of the coating patterns, two types of cantilevers were fabricated 
and characterized. The first type cantilever has a length of 2200 µm and a width of 400 µm, 
the second type is 1200 µm long and 200 µm wide. The thicknesses of all cantilevers are 
designed uniformly as 20 µm, the variation is controlled to below േ3 µm. Cantilevers of both 
types have piezo-electrode stacks (1 µm thick AlN film and 300 nm thick Au film) sputtered 
on top of the beam and the coverage varies from 20% to 100%, starting from the cantilever 
suspension (as schematically shown in Fig. 5.9). The cantilevers are characterized in HV for 
the first flexural mode, for obtaining the intrinsic damping. The resonance frequency is shown 
in Fig. 5.10, the variation of the frequency is mainly due to the thickness difference of each 
beam and the coating film coverage variation. 
By characterizing the cantilevers in HV environment, the relative effect of a piezo-electrode 
coating on the intrinsic properties of the cantilever can be explored. Fig. 5.11 (a) shows the 
measured Q factors of the two types of cantilevers as a function of coating cover percentage; 
the loss factors Q-1 are shown in Fig. 5.11 (b). From these figures we can see that thin film 
damping is nearly proportionally dependent on the coating coverage percentage. Furthermore, 
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this linear relationship does not change for both types of cantilevers, even though they have 
distinct resonance frequencies. Therefore, we can approximate that the coating damping is 
nearly independent of the resonance frequency within the inspected frequency range. 
 
Figure 5.9: Schematic of the cantilever for coating film damping experiment. The piezo-electrode coating films 
(represented by the yellow parallelograms) are coated on top of the beam, having various lengths le with respect 
to the full cantilever length. 
 
Figure 5.10: Measured resonance frequencies of the cantilevers. The first type of cantilevers has resonance 
frequencies around 6 kHz, the second type around 20 kHz. 
(a) (b) 
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By combining the investigations here and the conclusion from [103], wherein the damping 
due to thin film coating is found to be proportional to the coating thickness, an expression for 





ξ= , (5.5) 
where te is the thickness of the coating film, cξ  is a constant related to bulk viscoelasticity of 
the coating layer. This Qcoating is thus proportional to the coating thickness and cover 
percentage. Since it is very difficult to characterize the value of cξ , we will choose the best-
fit values to minimize the error between the model and the experimental data in the following 
Section. 
5.3.2 Discussion 
In this Section, we macroscopically investigated how the coating layer affects the overall 
damping of the cantilevers. All measurements are from beams vibrating in the fundamental 
mode. For this investigation we have not included higher modes of vibration, as is often the 
case in many other studies. The coating film is found to dramatically decrease the Q factor of 
the cantilevers, and this film damping is nearly linearly dependent on the coating film 
coverage, irrespective of the resonance frequency. 
There are AlN and Au films coated on the beam, in the present work it is difficult to answer 
how much does each coating film contribute to the overall damping of the cantilever. This 
issue, however, has been recently addressed in [162] where capacitive-piezoelectric sputtered 
thin film AlN resonators have been analysed. By separating electrodes from the piezo layer, a 
large increase in quality factor was measured over similar devices using conventional 
contacting electrodes. This seems to suggest that sputtered AlN is a high-Q material and that 
energy loss associated with Au electrodes should be primarily responsible for the low Qs for 
previous AlN resonators. 
5.4 Experimental verification 
For a resonator vibrating in vacuum, the dissipation Q-1 of the mechanical vibration energy 
can occur due to TED QTED-1, anchor loss Qanchor-1, thin coating film loss Qcoating-1, and others 
like electric loss in the piezoelectric material and stress loss in the structure material. In most 
publications it is assumed that the piezoelectric energy loss is small and can be neglected 
[163]. Therefore we also make a similar assumption. Computing stress loss is prohibitively 
complicated because a detailed knowledge of the distribution of various crystallographic 
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defects and their mobility within the substrate is required[164, 165]. However, by using 
commercially available single crystal silicon, the stress loss caused by the motion of 
crystallographic defects in silicon is negligible [166]. So we assume for a piezoelectric 
resonator operating in vacuum, the overall quality factor can be expressed as: 
 1 1 1 1TED anchor coatingQ Q Q Q
− − − −= + + . (5.6) 
Each of the components on the right side of eq. (5.6) is quantified using the method described 
above. In order to demonstrate the validity, their predictions are compared with the 
experimental data from different cantilevers. The piezo-electrode stack on the resonators used 
for this comparison covers 20% of the beam length, and the beam thickness was designed to 
vary from 20 µm to 60 µm. Due to its critical role in estimating the energy losses, the exact 
thickness of individual cantilevers is calculated by comparing the simulated resonance 
frequency with measured values. 
Tab. 5.2 lists the measured quality factor (Qmeas) and analytical quality factors (Qanaly) of the 
fundamental mode of different sizes of cantilevers. The Qanaly is the overall quality factor 
calculated using eq. (5.6). Also listed in Tab. 5.2 are the QTED, Qanchor and Qcoating with cξ  
equals to 400. cξ  is chosen as the best-fit value to minimize the error between the analytical 
quality factors and the experimental data. The analytical and measured quality factors are in 
reasonable agreement as they show quite similar trends. It is not expected that the data fit 
directly, sine the exact modeling is prohibitively complicated and hence much simplified 
models are used, especially for the thin film coating loss analysis. 
Nr. l (µm) w (µm) t (µm) fr (kHz) QTED Qanchor Qcoating Qanaly Qmeas
C2-I 1540 200 18.8 12.28 30074 52213 9400 6298  5676
C2-II 1540 200 37 21.18 10700 11704 18500 4293  4012
C2-III 1540 200 58 30.99 8101 4612 27500 2655  3024
C6-I 2200 400 22 7.01 56935 55355 11000 7903  6897
C6-II 2200 400 37 10.66 17271 11947 18500 5111  3811
C6-III 2200 400 57.2 15.82 8345 4870 27500 2766  3408
Table 5.2: Comparison between measured Q factors and predicted Q factors of the first flexural mode of 
different sizes of piezoelectric cantilevers. 
Results from both C2 and C6 cantilevers reveal that, QTED and Qanchor are decreasing with 
increasing beam thickness, and Qcoating losses its significant influence when the beam is as 
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thick as 55 µm. The total quality factors, Qmeas and Qanaly, show an inverse dependence on the 
beam thickness. The relationships are also shown in Fig. 5.12 for the cantilevers listed in 
Tab. 5.2. It can be seen from these two figures that the effect of coating loss Qcoating-1 is large 
when the beam is very thin, while anchor loss Qanchor-1 and TED QTED-1 become increasingly 
important when the beam thickness increases. 
(a) Cantilevers C2 (b) Cantilevers C6 
Figure 5.12: Measured total cantilever loss factors Q-1, along with the predicted loss factors due to different 
damping mechanisms. The diagrams show the contributions from each damping mechanism,  represents Q-1 
due to TED,  represents Q-1 due to anchor loss, and  represents Q-1 due to coating loss. 
The comparison between the Qmeas and Qanaly of the first lateral mode of different sizes of 
cantilevers is shown in Tab. 5.3. It is found that cξ  = 160 works well for the cantilevers. As 
expected, the value of cξ  for lateral vibrating cantilever is smaller than that of a flexural 
vibrating resonator, since the coating film is much more deformed for the lateral mode. 
Nr. l (µm) w (µm) t (µm) fr (kHz) QTED Qanchor Qcoating Qanaly Qmeas
C1 1200 200 18.4 169.53 156240 4986 3680 2089 1886
C3 2200 200 17.7 53.68 73854 8218 3540 2394 2760
C6-I 2200 400 22 95.55 302632 2351 4400 1525 1332
Table 5.3: Comparison between measured Q factors and predicted Q factors of the first lateral mode of different 
sizes of piezoelectric cantilevers. 
5.5 Conclusion 
The goal of this Chapter is to survey the intrinsic energy dissipation characteristic of 
piezoelectric micro resonators. Three damping effects, TED, anchor losses and coating losses, 





































Analysis of intrinsic damping in piezoelectric micro resonators 106
Parametric studies have been performed to gain a better understanding of the factors, e.g. 
resonator beam geometry, resonance mode, support structure and piezo-electrode thin film 
coating, that influence the energy dissipation for a micro resonator. 
The presented analysis has been applied to real fabricated piezoelectric micro cantilevers. A 
monotonic reduction in Q with increasing thickness was observed for the cantilevers. Coating 
loss was found to be significant for very thin cantilevers, whereas TED and anchor loss was 
found to increase with increasing beam thicknesses. The experiments described in this 
Chapter provide a validation of the models for intrinsic damping in piezoelectric micro 
resonators, and the comparison of predictions from these models with measurements indicates 
that intrinsic damping can be reduced by a careful design of the cantilever geometry. 
It is clear that further experiments should be carried out. For example, Q measurements over a 
broader set of cantilever thicknesses need to be performed to more firmly establish the 
thickness dependence. The minimum piezo-electrode stack coverage among the cantilevers in 
this work is 20%. This percentage can be reduced further, even to zero, if other excitation and 
detection methods could be involved, in order to further explore the coating film pattern effect 
on coating loss. Also more complex-shaped resonators are of great interest since recent 
research studies indicate the possibility of designing high Q resonators limited only by anchor 
loss or TED [167-169]. 
 
 6. Conclusion and outlook 
6.1 Conclusion 
In this work, vibrating piezoelectric micro resonators of different geometries have been 
developed to study the energy dissipation mechanisms. The resonators were tested with eight 
different gases in a custom-built vacuum chamber, where the pressure can be controlled 
precisely from atmospheric pressure down to high vacuum. The aim was to systematically 
evaluate and compare the effects of ambient pressure, the nature of the surrounding gas, the 
resonator geometry, higher mode operation and the presence of a nearby surface on the 
resonance behavior. We have developed experimental, computational and analytical tools to 
analyze the dynamics of piezoelectric micro resonator in gases as well as in high vacuum. 
Specifically, the contribution of this thesis can be categorized in the following areas: 
Device design, fabrication and packaging 
Piezoelectric resonators were used in this research due to their advantages with respect to self-
excitation and self-sensing, a low driving voltage and full integration. AlN was selected as the 
active piezoelectric material due to its excellent piezoelectric and mechanical properties. The 
AlN based piezoelectric resonators were fabricated using conventional microsystem 
technologies. In our design, the highly p-doped single crystal silicon formed the resonator and 
simultaneously served as bottom electrode for the piezoelectric layer. The elimination of a 
bottom metal electrode reduced the number of stacked layers and stress in the resonator, 
simplified the fabrication process and reduced the intrinsic energy loss in the structure. 
Three sets of principal resonator configurations, namely cantilevers, bridges and plates, were 
designed and fabricated with different geometric dimensions. Two resonator packaging 
methods were used in this work, to investigate the dynamics of resonators vibrating in 
unbounded fluids or close to a surface. For the first case, the resonator chip was die-mounted 
on a PCB board, with a hole pre-drilled on the board at the area where the resonator beam 
would be located. For the second case, a top cover with different cavity heights was clamped 
on the top side of the resonators. This packaging technology allowed a flexibility for 
combining different resonator structures with varying squeeze film gaps. 
All-electrical excitation and detection 
An all-electrical excitation and detection method has been developed. The effect of the input-
output electrical crosstalk in the resonator was found to be significant, the crosstalk made the 
mechanical resonance less pronounced and the characterization of the resonance behavior 
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more difficult. Two crosstalk compensation schemes were developed using a bridge resonator 
as example. The first scheme was based on an additional on-chip compensation electrode and 
could be more efficient for mass production, while the second applied a compensation voltage 
to the silicon bottom electrode and was more flexible with respect to individual precise 
adjustment. At the laboratory stage we were presently in, the latter method was used with 
individual calibration for each resonator. 
Experimental details 
The resonators were tested in a number of gases under pressures varying from 10-4 – 103 mbar. 
Five noble gases (He, Ne, Ar, Kr and Xe), as well as N2, CO2 and SF6 were used to observe 
the resonance variation. These eight gases covered a relatively broad spectrum of different 
properties and did not cause any safety problems. To investigate the energy losses in a 
practically unbounded fluid, up to seven higher vibration modes were recorded in addition to 
the fundamental flexural resonance mode. For the case of vibrations in a bounded volume of 
fluid, experiments with beam/surface separation of 20, 50, 100, 150, 200, 250 and 300 µm 
were carried out by using a 400 µm wide bridge resonator. This allowed a big range of 
separations, from much smaller than the resonator width up to the same order of magnitude. 
Hydrodynamic loading on micro resonators 
For resonators vibrating in a continuous fluid, the most extensive type of model clearly must 
be based on a solution of the full set of Navier-Stokes equations. The full set of equations was 
semi-analytically solved using the Boundary Element Method. The solution was interpreted 
by the “three wave theory” coupling viscous, thermal and acoustic waves. Furthermore, the 
commercial FEM package COMSOL Multiphysics has been used to solve and simulate the 
full model equations. The comparison of measured quality factors from a plate resonator and 
COMSOL simulation confirmed the accuracy of the full model and COMSOL predictions. 
This simulation model could be used to predict the hydrodynamic loading of resonators with 
any geometry in viscous fluids. However, this method does have some disadvantages, such as 
being computationally costly, relying on sophisticated numerical techniques, and being non-
intuitive with respect to understand the results physically. 
For a lot of applications, the resonator structures are beam-shaped. The beam-shaped 
resonators vibrating in unbounded fluids have been investigated, by measuring micro 
cantilevers in different gases and explaining the results using simplified sphere string and 
cylinder models based on the incompressible Navier-Stokes equation. The investigation was 
focused on vibrations of the flexural and torsional modes in the viscous regime; the analytical 
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predictions were in reasonable agreements with the measurement results. Besides, 
measurements with different gases showed that the compressibility of gases leads to 
additional damping when the resonator is vibrating in a higher mode, whereas in most cases 
the gases can be assumed to be incompressible. The compressible gas damping was modeled 
using the acoustic wave equation, and the calculated results showed a qualitative agreement 
with higher mode measurements. 
The case of resonators vibrating close to a surface was also investigated. Experiments were 
performed using a bridge resonator with a big range of beam/surface separations. Different 
theoretical models were used to assist the analysis. The traditional squeeze film model could 
predict the gas damping when the ratio of the resonator width to gap height w/h0 was bigger 
than 10, this model could account the gas rarefaction effect in the gap by using an “effective 
viscosity” concept. The extended squeeze film model was valid for w/h0 ൒ 4. The semi-
analytical solution from the unsteady Navier-Stokes model could be used when the gap height 
was bigger. However, these models failed to predict gas damping effect in low pressure at 
large separations; the effect was interpreted by a newly developed thermo-mechanical 
resonance model, which transferred the calculation of thermoelastic damping in solids to the 
dynamic damping in gases in the transition pressure regime. The variation of quality factors at 
higher resonant mode was also measured, and the results could be qualitatively explained in 
terms of the boundary layer surrounding the micro resonator. 
Intrinsic damping in vibrating piezoelectric micro resonators 
When a resonator is operated in high vacuum, the energy dissipation inside the materials of 
the resonator dominates the quality factor. Three intrinsic damping effects, called TED, 
anchor losses and coating losses, were found to play important roles in piezoelectric micro 
resonators. Since the different damping mechanisms were mixed with each other, it was 
difficult to separate the contribution of individual mechanisms experimentally. TED and 
anchor losses were investigated by using a combination of both analytical and numerical 
methods, while the coating loss mechanism was explored by measuring a series of cantilevers 
with a piezo-electrode stack coverage ranging from 20% to 100% of the beam length. Finally, 
experimental validations were conducted on different structures of piezoelectric micro 
cantilevers, showing that the analysis yielded qualitative matches with measurements. 
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6.2 Outlook 
Research is an ongoing effort, and due to time constraints some additional avenues of 
research could not be explored. However, disregarding these constraints we will outline 
possible directions for future work. 
Electrical crosstalk in the resonators is mainly induced from the short circuit connection 
between drive and sense port silicon grounds. An electrical compensation method was used in 
the work; however the compensation quality reduces as the frequency increases. Another 
approach to reduce the crosstalk can be employed by using two separated metal ground 
electrodes. This could be more suitable for high frequency applications. 
For micro resonators vibrating in an unbounded fluid, there is still a need to improve the 
existing theories of describing gas damping in the non-continuum regime. Carefully planned 
experiments should be performed, to help us better understand the evolution of the physics 
when going from full continuum flow to transition flow and then molecular flow.  
For micro resonators vibrating close to a surface with moderate distance, the thermo-
mechanical resonance model is a promising approach that describes the quality factor 
performance in the transition regime. However, it requires several fitting parameters such as 
the root component εdyn and the factor ξdyn. This is mainly due to a lack of knowledge of the 
pressure dependent thermal diffusivity of the gas. It is important to clarify this dependence in 
the future. 
Further measurements on new resonators should be carried out to explore each intrinsic 
damping mechanism experimentally. For example, Q measurements over a broader set of 
resonator beam thicknesses need to be performed to more firmly establish the thickness 
dependence. The minimum piezo-electrode stack coverage among the cantilevers is 20%, this 
percentage can be reduced even to zero if other excitation and detection methods could be 
involved. Also, complex-shaped resonators are of great interest, since recent research studies 
[167-169] indicate the possibility of designing high Q resonators limited only by anchor loss 
or TED. 
Throughout this thesis we have shown that there is a vast body of ongoing research in this 
field, a field that is continually changing. There are still many questions that need to be 
answered and many avenues of research that must be explored. The research reported in this 
dissertation represents an attempt to answer some of these questions. 
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Symbol Description Unit 
α thermal expansion coefficient K-1 
αa  coefficient for acoustic pressure - 
αh  coefficient for entropic pressure - 
αAlN AlN thermal expansion coefficient K-1 
αAu Au thermal expansion coefficient K-1 
αsi Si [100] thermal expansion coefficient K-1 
β geometrical correction factor - 
γ specific heat ratio - 
Γ hydrodynamic function - 
ΓL Log10(Γ) - 
Γflex hydrodynamic function for flexural mode - 
Γflex, real real part of hydrodynamic function for flexural mode - 
Γflex, imag imaginary part of hydrodynamic function for flexural mode - 
Γsqu hydrodynamic function for squeeze film - 
Γsqu, imag imaginary part of hydrodynamic function for squeeze film - 
Γtors hydrodynamic function for torsional mode - 
Γtors, real real part of hydrodynamic function for torsional mode - 
Γtors, imag imaginary part of hydrodynamic function for torsional mode - 
εdyn root component - 
η dynamic viscosity Pa s 
ηeff effective viscosity Pa s 
κ thermal conductivity W/(m K) 
κAlN AlN thermal conductivity W/(m K) 
κAu Au thermal conductivity W/(m K) 
κsi Si [100] thermal conductivity W/(m K) 
λ ratio of crosstalk to mechanical resonance signal - 
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Symbol Description Unit 
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λ mean free path m 
λa acoustic wavelength m 
λb spatial wavelength of slender beam m 
λh entropic wavelength m 
λv viscous wavelength m 
υAlN AlN Poission’s ratio - 
υAu Au Poission’s ratio - 
υsi Si [100] Poission’s ratio - 
ξ fitting parameter - 
ξc constant related to bulk viscoelasticity of coating layer - 
ξint fitting parameter for Qint - 
ξmol fitting parameter for Qmol - 
ξvis fitting parameter for Qvis - 
ξdyn fitting parameter for Qdyn - 
ρ gas density kg/m3 
ρAlN AlN density kg/m3 
ρAu Au density kg/m3 
ρb beam density kg/m3 
ρsi Si [100] density kg/m3 
σ squeeze number - 
σr radiation efficiency - 
φa coefficient for acoustic pressure gradient - 
φh coefficient for entropic pressure gradient - 
ω angular frequency rad/s 





Symbol Description Unit 
a1-4, b1-4 hydrodynamic function parameters - 
ak coefficients for hydrodynamic function - 
ap pressure dependent parameter m2/s 
c0 sound speed m/s 
c0 damping coefficient of a resonator N s/m 
ca fluidic damping coefficient of a resonator N s/m 
cflex,cyli damping coefficient for a cylinder in flexural mode N s/m 
csphe damping coefficient for a sphere N s/m 
csqu squeeze film damping coefficient N s/m 
csqu, ex extended squeeze film damping coefficient N s/m 
Ccomp compensation capacitor F 
Cd, Cd1, Cd2 drive port shunt capacitance F 
Cft feedthrough capacitance F 
Cm capacitance in motional branch F 
Cn nth positive root - 
Cs, Cs1, Cs2 drive port shunt capacitance F 
Cp heat capacity at constant pressure J/(kg K) 
CpAlN AlN heat capacity at constant pressure J/(kg K) 
CpAu Au heat capacity at constant pressure J/(kg K) 
Cpsi Si [100] heat capacity at constant pressure J/(kg K) 
Cv heat capacity at constant volume J/(kg K) 
d0 molecular diameter m 
d31, d33 piezoelectric constant pm/V 
E elasticity modulus Pa 
EAlN AlN elasticity modulus Pa 
EAu Au elasticity modulus Pa 
Esi Si [100] elasticity modulus Pa 
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f external force acting on a resonator N 
f0, dyn thermal resonance frequency Hz 
fdrive external driven force on a resonator N 
fe experimentally observed resonance frequency Hz 
fhydro fluidic drag force on a resonator N 
fr resonance frequency Hz 
fr, n resonance frequency of nth flexural mode Hz 
fr,HV resonance frequency in high vacuum Hz 
fs simulated resonance frequency Hz 
∆f resonance frequency shift Hz 
F0 thermal relaxation frequency Hz 
Fd fluid drag force N 
h0 gap height m 
H nondimensional gap height - 
HL Log10(H) - 
i imaginary unit - 
icomp current from compensation capacitance A 
ir, ir´ current from motional branch A 
ift, ift´ current from feedthrough capacitance A 
io output current A 
k gain of inverted voltage amplifier - 
k coefficient for anchor loss - 
k0 spring constant for a resonator N/m 
ka fluidic spring constant for a resonator N/m 
ka acoustic wave number - 
kh entropic wave number - 
ksphe spring constant for a sphere N/m 
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Symbol Description Unit 
(continued)   
kv viscous wave number - 
K0, K1 modified Bessel functions of the third kind - 
Kb Boltzmann constant (1.38ൈ10-23) - 
Kn Knudsen number - 
l resonator length m 
le coating film length m 
leff effective plate length m 
∆l additional plate length m 
L  characteristic dimension of a object m 
Lm inductance in motional branch H 
m resonator mass kg 
M molar mass kg/mol 
p ambient pressure (1 N/m2 = 1 Pa = 10-5 mbar) Pa 
pa acoustic pressure (1 N/m2 = 1 Pa = 10-5 mbar) Pa 
ph entropic pressure (1 N/m2 = 1 Pa = 10-5 mbar) Pa 
Q quality factor - 
Qacous quality factor due to acoustic damping - 
Qanaly analytical quality factor - 
Qanchor quality factor due to anchor loss - 
Qcoating quality factor due to thin film coating loss - 
Qdyn quality factor of dynamic damping - 
Qflex,sphe quality factor for flexural mode from sphere string model - 
Qflex,cyli quality factor for flexural mode from cylinder model - 
Qgas quality factor due to gas damping - 
Qint intrinsic quality factor - 
Qmeas measured quality factor - 
Qmol quality factor due to molecular gas damping - 
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(continued)   
Qsqu quality factor from squeeze film model - 
Qsqu, ex quality factor from extended squeeze film model - 
Qsqu, NS quality factor from unsteady Navier-Stokes model - 
Qtot total quality factor - 
Qtors,sphe quality factor for torsional mode from sphere string model - 
Qtors,cyli quality factor for torsional mode from cylinder model - 
QTED quality factor due to TED - 
Qvis quality factor due to viscous damping - 
R sphere radius m 
Re Reynolds number - 
ReL Log10(Re) - 
Rm resistance in motional branch Ω 
s iω rad/s 
t time s 
t resonator thickness m 
te coating film thickness m 
ts substrate thickness m 
T ambient temperature K 
∆T temperature fluctuation K 
u velocity vector m/s 
uv viscous velocity vector m/s 
ul laminar velocity vector m/s 
u0 object velocity m/s 
Ui input of a two port piezoelectric resonator V 
Uo output of resonator V 
UM mechanical resonance behavior of resonator V 
UE electrical crosstalk in resonator V 
Nomenclature 141
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(continued)   
Uoff offset voltage V 
w resonator width m 
weff effective plate width m 
∆w additional plate width m 
W
)
 Fourier transformation of cantilever deformation m 
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